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ABSTRACT. For a locally compact space there exists a compactification
such that all its points are effectively describable, namely, Alexandroff’s one-
point compactification. The effective construction of compactifications for
numerous standard separable metric spaces is already a very nontrivial problem.
We propose a method of compactification which enables us to effectively con-
struct compactifications of some spaces of functions (for example, of a ball in
Lp(— 0, «)). It will be shown that the study of compactifications of spaces of
functions is of principal importance in the theory of integration of functionals
and in limit theorems for random processes.

0. Introduction. The space X is the space of all Lebesgue measurable func-
tions defined on the interval [0, 1] and such that 0 < x(#) < 1; we denote them
by x(#) or simply x. The metric on X is determined by

©1) ptess 7 =([} b0 = 007 )"
DEeFINITION 0.1. The functional
©2)  F@=[ =+ [0ty 1320, ..., X)) dt, == dt,

is called a functional of the integral form, where H(tys oo s g3 Xys e, Xy )isa
continuous function on the unit cube of dimension 2k (0<¢, <1,...,0<
4, <1,0<x,<1,...,0<x, <1)and k is any positive integer.

The following is one of the main results of this paper.

There exists a metric compactification gX of the space X such that any
bounded continuous functional which can be continuously extended on gX is
the uniform limit of the functionals of the integral form. Any functional of
integral form can be continuously extended on gX. Every point in gX can be
written as a, , where Y(f, x) is a Lebesgue measurable function 0 <r<1,0<
x<1,0<y(, x) <1) such that for the functional of the integral form F(x)
we have
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Fay)= [} 2 [0 0t1, oo sty U0 XD, VO XNty + 2+ dty dty =22 iy,

This result is an example of use of the method of compactification, which is de-
scribed in §1.

The integration of the functionals is studied in §2. For the functional
F(x) of the integral form we have

1 1
TF=fo o'.fo¢(tl, .ee ’tk;xl’ .ee ,xk)dtl ...dtk dxl .°'dxk =F(ax),

where TF is the Gateaux-Levy integral of the functional F(x) and the point
a, €gX.

Various examples of integrable and nonintegrable functionals are investigated
in §3.

The exact knowledge of the compactification gX enables us to make a few
assertions on various compactifications of the space X. This is done in §4.

The limit theorems for the measurable random processes are studied in §5.
Of special interest is the following result of §5. Let &,(?), ..., £,(¢), ... and
£(7) be measurable random processes (0 <t <1,0<§,(f)<1,0<g() <1).
Let F,, be the sequence of the functionals of integral form. For any function
x,(t) € X and for any Lebesgue measurable function y(#, x) (0<7<1,0<x
<1,0 < Y(t, x) < 1), where x,() # V(2 x), there exists a number m' such that
F,,(xo(t)) # F,,(ay). The theorem states, that if for any m the joint distribu-
tions of the random variables F, (£,(¢)), ... , F,, (£,(t)) converge weakly to the
joint distribution of the random variables F, (¢(t)), ... , F,,(£(?)), then for any
bounded continuous functional F(x) we have

lim EF(¢,(0) = EFEO),

where E denotes, as usual, the mathematical expectation. The proof is based on the
fact that the closure of the algebra, generated by the functionals F,, (x), is the Ban-
ach algebra of bounded continuous functionals, which defines the compactification
of X.()

The compactifications for some spaces of functions are studied in §6.

In conclusion, I want to express my gratitude to Professor H. Furstenberg
for his invaluable assistance.

1. Functionals of integral forms and a method of compactification. Con-
tinuity of functionals on X is considered with respect to the metric (0.1). In the
introduction we have already considered functionals of integral form. The func-
tionals of integral form are obviously continuous and bounded on X. If F(x) is

(1) Throughout this paper, an algebra will mean an algebra with identity. “The algebra
A is generated by the set {")\}”’ will mean, “4 is generated by the set {a}\} and the identity”.
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such a functional, then of course d * F(x) (d-real number) is also a functional of
integral form. Let two functionals of integral form,

1) Fy@) =[] o[ 0100 oo sty 53X, o2t Dty - dty
(12) B =) o[ 02tss s tigs xty)s oo x(0 )ty =+ dty,

be given. Set k; > k,. Then
Fi(x) + F,(x)

a3y <o i1 s b6y, 3, )

+¢,(t,, ...,tkz;x(tl), ,x(t,‘z))] dt, '"dtkl,
Fi(x)- Fz(x)

=f; .o .f:) [¢l(tl’ ™ ’tkl;x(tl)’ oo sx(tkl))
(14)

X Oy(ty 41sesty. 1k s x(t, $1) - X(ty o))
1 11k; 1 11k

dty s dty .

Thus the sum and the product of two functionals of integral form are also func-
tionals of integral form. Hence we get an algebra over the field of real numbers.
The uniform closure of this algebra is a certain Banach algebra of bounded con-
tinuous functionals, which we denote by G(X).

Let us review some facts of general topology. Let X be a completely regular
topological space. The compact set K will be said to be a compactification of Xif
there exists a homeomorphism from X to a dense subset in K. Let C(K) be the
Banach algebra of all bounded continuous functions K. Obviously ((K) is a Ban-
ach algebra of bounded continuous functions on X. We say that O(K') determines
the compactification of X.

TYCHONOFF’S THEOREM (SEE [9, VII, §43]). The Banach algebra A(X)
of bounded continuous functions on a completely regular topological space X
determines a compactification of this space if and only if for any point X € X
and any closed set Y C X, Xy & Y, there exists a function f € A(X) such that
f(xg)=0and f(x)=1 foral x €Y.

Since X is metric it is completely regular.

THEOREM 1.1. The algebra G(X) determines a compactification of X which
will be a metric space.

ProoF. Let x, €X. Consider the functional
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Fo() = || Iro(t) = x()]? dt.

Let x,(f) be a sequence of continuous functions belonging to X such that x, ()
converges almost everywhere to x(¢). It is evident that the functionals

Fy() = [ [x,(0) ~ ()2 dt

are functionals of integral form. The functionals F,(x) converge uniformly to the
functional Fy(x) and so Fy(x) € G(X). If Y is a closed set in X and x, ¢ Y,
then p(x,, Y) = @ > 0. The functional

Fy(x) = &~ 2min(a?, Fo(x))

belongs to G(X); Fg(x,) = 0; Fy(x) = 1 if x € Y.

Thus, by virtue of Tychonoff’s Theorem, G(X) determines a compactifica-
tion of X, which we denote by gX. Since G(X) is separable, it follows from
Urysohn’s theorem (see [4, p. 388]) that gX is a compact metric space. The
countable dense set in G(X) is given, for example, by all the functionals of the
form (0.2), where ¢(t,, ..., t;; Xy, ... , X;) is a polynomial with rational coef-
ficients. Q.ED.

Any continuous function on gX restricted to X is a functional in G(X).
Conversely, any functional in G(X) has a unique continuous extension to gX.
Hence we can speak about the value of a functional from G(X) in any point of gX.
Any point in gX determines a maximal ideal in G(X), i.e. the set of all function-
als from G(X) which vanish at this point. For any maximal ideal in G(X) there
exists a point in gX which determines this ideal. Any point x in gX determines
a linear multiplicative continuous functional f on G(X), whose value on the func-
tional 1 is equal to 1, ie. f(F) = F(x) for any F € G(X). Any linear multiplica-
tive continuous functional on G(X), its value on the functional 1 being equal to 1, is
determined by some point in gX.

Now we pass to the main construction of the present paper. Let Z be the
unit square (0 <¢<1,0<z<1). Let M be the set of all finite countably ad-
ditive measures u defined on the Borel sets of the unit square Z such that u(2)
= 1. As usual we shall say that the sequence of measures y,, ... , 4y, ... be-
longing to M converges weakly to the measure u € M if for any function f(z, z)
continuous on Z we have

1.5) nlif!;ff (¢ 2)du, = ff (, 2) du.

The convergence (1.5) makes M a compact metric space.
Let x € X. Consider the following measure pu, € M. If A is a Borel set in
Z, then
() = [ x4 (2, x() at,
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where X 4 (¢, z) is a characteristic function of the set 4, i.e. x, (¢, z) = 1 if (¢, ) €4,
and x,(z, z) = O for (t, z) € A. The closure in M of the set of all measures u,

is a compact metric space, which we denote by M*. It can be easily checked that
the mapping x — . is a homeomorphism of the space X onto a dense subset of
M*. Thus M* is a compactification of X.

We assert that the compactifications of gX and M* are equivalent, i.e. there
exists a homeomorphism of gX onto M* such that to every function x € X C gX
there corresponds the measure p. .

Consider on X the functionals of the integral form

(1.6) F, ()= f :’t"x'”(t) dt

n=0,1,2,...,m=0,1,2,..). Functionals (1.6) are the generating elements
of an algebra of functionals, its uniform closure being G(X), since this algebra
contains all the functionals of integral form (0.2) such that the function
Htys oo s ty3 Xy, ..., %) is a polynomial. It can be easily seen that

Fn,m(x) = f t"z™ du,.

Hence the functional F,, ,, (x) can be continuously extended to the compact set
M* if we set

Fp m@®) = [t727 du*

for all u* € M*. Consider two distinct measures u¥, u¥ C M*. There exists a
functional of the form (1.6) such that

Fy @) = [127 dut # [1"27 duy = F, ., (u3).

According to the Stone theorem (see [8]) a Banach algebra C'(K) of continuous
functions on the compact set K is the Banach algebra C(K) of all continuous
functions on X if for any two distinct points k,, k, C K there exists a function
f € C'(K) such that f(k,) # f(k,). In view of the previous arguments and Stone’s
theorem, it follows that the algebra of all bounded continuous functionals on X
which can be continuously extended on M* is G(X). Now according to the
Gel'fand-Kolmogoroff theorem(?) (see [5]) it follows that the compactifications
gX and M* are equivalent.

Let us investigate the compact set M*. For any x € X and any 0 < ¢, <
a, <1 we have

A, 2): t € [0, 0]} = @y — 0.

—_(!)—Gel'fand-xolmogoroff’s theorem asserts only the existence of the homeomorphism

between gX and M*, but the method of the proof implies that in this homeomorphism the
space X is “fixed”.
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Hence for any u* € M* we have
(%) u*{(t, 2): t € [0y, 0]} = 0 — g

Conversely, if u* € M and u* satisfies (1.7) for any interval [a,,a,] C [0, 1], then
there exists a sequence of measures My, converging weakly to u* and thus u* € M*.
To see this, let us fix the natural number » and divide the square Z into n? sets
Z; (1<i<n, 1<j<n), where
- Wl § ij-1 i

Z,.j—{(t, z): - <t<n, - <z< n}
if i #n and j # n, and if for example i = n, then Z,; = {(t, 2): (n — 1)/n <t
S LG -1/n<z<j/n}. Let p*(Z;) = wy. According to the definition
Zijw;; = 1/n. Let us subdivide interval (i — 1)/n < ¢ < i/n into intervals

(-Dn<t<@-1/n+ wy;
<t<(i

(-Dn+w; <t<@i-Dn+wy + w,;
-——"l+"il <t<i
n i_lwii\t\n.

i—-1 k-1 i- k
—n—'+ ,;1 wu<t<—n—'+i§wii

Let us define x,,() in the same way on all the intervals [(i — 1)/n < <i/n] and
by means of that determine it on the whole interval [0, 1]. The sequence of func-
tions x,,(7) satisfies the required condition.

Let Y(z, x) be a Lebesgue measurable function (0<¢<1,0<x<1,0<
¥(t, x) < 1). To every Y(t, x) there corresponds a measure p,, on the unit square
Z defined by

(18) m@= [ [ xaC. v, %) dt d,

where A is any Borel set and x4 (¢, z) is a characteristic function of the set 4. It can
be easily checked that (1.7) holds for u,, for all [a;, o,] C [0, 1] and thus
By, €M*.

Let u* be any measure from M*. Let us fix a number 25,0<25<1.0n
Borel sets B of the interval [0, 1] we define the countably additive measure

M4 by
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B, o(B) =u*{(t,2): t €B, z <z}
Since u* satisfies (1.7), u, 018 absolutely continuous with respect to Lebesgue

measure, and according to the Radon-Nikodym theorem a density P, 0(t) exists
for the measure u,  such that

beo®) = [ P,y at.

We can assume that the functions P,(¢) are defined except on sets of measure 0
and that P, l(t) <P, 2(t) for any z; <z, and for all ¢, where both P, l(t) and
P, 2(t) are defined. Obviously P;(f) = 1. Let us now define the function

1.9 U, x) = inf [z: P,(¢) = x].

If E'(t, x) is not defined in (¢, x) by (1.9), then we set 'Jl’(t, x) = inf, <x,$(t, x"),
where in (¢, x") the function ¥ is defined by (1.9).

The measure -~ is defined by (1.8), since E'(t, x) is defined on the unit
square and 0 < ’lil'(t, x) < 1. According to the definition we have

1
uylC 2): 1 <to, 2< z5] = f°°on(t) dt = p*[(t, 2): 1 <tg,2< 2]

Hence the measures by and p* are equal.

Note that two measures My and p, , are equal if and only if the joint
distributions of the pair of functions (¢, ¥,(z, x)) and (¢, ¥,(z, x)) are equal.

Denote by W the set of all Lebesgue measurable functions y(z, x) defined
on the unit square (0 <#<1,0<x<1)and such that 0 < y(z, x) < 1. The
function y, is said to be equivalent to ¢, if the joint distributions of the pairs
(@ ¥,(t x)) and (z, ¥,(¢, x)) are equal. We say that ¥, converges to V¥ if By
converges weakly to iy, . That means that y; converges to ¥, if for any n =
0,1,2,...and m=1, 2, ... we have

lim ﬂf;t"tll;‘”(t, x) dt dx = ﬁf;t"np"’(t, x) dt dx.

k—>o

We proved that ¥ is a compact set homeomorphic to M* and thus to gX.
Let us denote the image of § by the homeomorphism ¥ on gX by 4, . Con-

sider the functional (1.6) F,, ,,(x). It is easy to see that

Frm(@y) = Fo () = [ [1 6700, x) dt dx.
Hence for the functional of integral form (0.2) we have
g, )=F,)

=J1°o oo ﬂ«tl’Onatk;w(tl, xl)’ ..."p(tk’xk))dtl OOodtkdxlo.odxk.

Thus we have the following basic result.
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THEOREM 1.2. Every point in gX can be written as ay, Y €V, Forany
Y €V there exists a, € gX. The points ay, and ay, coincide if and only if the
joint distributions of the pairs (t, ¥,(¢, x)) and (t, Y,(t, x)) are equal. The func-
tional of integral form

1
Fx)= ﬂ . --fqu(t,, e b X)), oo X)) dty + e dty,
has in a, the value

F(a¢)=f:) -o-ﬂw,, s b3 Wt X1)s e s Wty X)) A2y oo dty dxy o d,.

Thus we have compactified the space X of functions of one variable by the space
V¥ of functions of two variables.

2. Theory of integration. The generalization of integration from the
probabilistic point of view was developed by N. Wiener. His integration theory
of the functionals, defined on random processes, is the infinite-dimensional gen-
eralization of Lebesgue integration theory, i.e. it defines the integration with re-
spect to a countably additive measure, defined on an infinite-dimensional space,
i.e. on a space of functions. Another approach to integration in functional spaces
was proposed by R. Gateaux in 1913—-1914 (see [1]) and P. Levy in 1918—1919
(both of them belonged to Hadamard’s school) and is less known. The Gateaux-
Levy integration theory was described in [2]. The integral is defined for func-
tionals on infinite-dimensional space. The basic idea is as follows: first the average
value of the functional on the n-dimensional unit ball (sphere) is evaluated and then
the integral is defined as the limit of this average value for n — oo,

Further we consider only the functionals continuous in metric (0.1) of the
space X. Our definition of integral being analogous to that of Gateaux-Levy, we
call our integral the Giteaux-Levy integral.(3)

DEFINITION 2.1. Gateaux-Levy integral. Consider the points 0, 1/n, 2/n,
..., (n=1)/n, 1 on the interval [0, 1], where n is a positive integer and consider
the set K, of the functions from the space X constant on the intervals
[G—-D/n,ifn] (=1,...,n). Every function x(t) € K,, is determined by a
sequence of n numbers (x,, ..., x,,); x; being the value of x(¢) on [(i —1)/n, i/n].
The set K, can be considered as the #-dimensional unit cube, each point of it being
a function. Let F(x) be a continuous functional on X. This functional, considered
on K,,, is a continuous function of n variables F(")(x,, ... , x,,) defined on the
unit cube. Let

1 1
'I',,F'(x)=fo .. .fo F®™(x,, ..., x,)dx, * + « dx,,.

(3) The definition of Gateaux-Levy integral in exactly the same form as ours was
studied by different mathematicians.
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If there exists a finite lim,,_, ., T,,F(x) = TF(x), then the functional F(x) is said to
be integrable, and the number TF(x) is called its integral.

The Gateaux-Levy integral has the following properties:

1. If the functionals F,(x) and F,(x) are integrable, then for any real
numbers d, and d, the functional d, * F,(x) + d, * F,(x) is also integrable, its
integral being equal to d, * TF,(x) + d, * TF,(x).

2. If the functional F(x) is integrable and, for all functions x € X, F(x)
=0, then TF(x) = 0.

3. Let A(x) be a functional and let there exist two integrable functionals
F(f)(x) and Fge)(x) for any € > 0 such that Fge)(x) <Fx)< Fge)(x) and
TIF{)(x) - F{)(x)] <e. Then the functional F(x) is integrable.

4. Gateaux formula.(*) The functional of integral form

1
Q1) Fkx) = f; o (80 e B Xy, X)) dty - dty
is integrable, its integral being equal to
1
@2) TF= [} e [Lo0tr, s tis Xy e, ) dty + v dbydry ==+ d,.

Let Y(t, x) € ¥, ie. Y(t, x) be a Lebesgue measurable function on the unit
square (0< ¢ <1,0<x<1)such that 0 < y(r, x) < 1.

DEFINITION 2.2. Concept of the Y-integral. Let Y{™)(x) be a measurable
function on [0, 1] such that its distribution function with respect to the Lebesgue
measure on the interval is identical to the distribution function with respect to
the Lebesgue measure on the unit square of the function (¢ * n —i + 1, x)
(G-1)/n<t<i/n,0<x<1). Let F(x) be a continuous functional on the
space X. Let

TEFC) = [+« [T FOWME,), .., yMe,) dxy ++ - dx,,

where F")(x,, . . ., x,) is as in Definition 2.1. If there exists a finite
]imn_,,,T,(,,")F(x) = T, F(x), then the functional is said to be y-integrable and
the number T, F(x) is called its y-integral.

NotEe. The choice of functions wg"), vees d/f,") is obviously not unique,
but this does not affect the definition of T(VF(x).

Properties of the y-integral.

1'. If the functionals F,(x) and F,(x) are y-integrable, then for any real
numbers d; and d, the functional d, * F,(x) + d, * F,(x) is Y-integrable, its

(4 ) Formula (2.2) was obtained by Gateaux (see [2]) in a slightly different form, since
both the functional and the integral were considered not on the space X, but on the ball (sphere)
in the infinite-dimensional space. A Gateaux formula in exactly the same form as ours was
studied by different mathematicians.
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V-integral being equal to d; * T, Fy(x) +d, * T, F,(x).

2'. If the functional F(x) is y-integrable and for all x € X, F(x) = 0, then
T.p F (X) =0.

3. Let F(x) be a functional and let there exist two Y-integrable functionals
F{&)(x) and F{f)(x) for any € > 0 such that

FO®) <SFx)<FPE) and T,[FPF) -FOM)] <e.

Then the functional F(x) is Y-integrable.
4'. The functional F(x) of integral form (2.1) is y-integrable and

@I TyF={[ oo [0t 1ot Uy X, ooe s Uty ) dEy 2oy 2oy

Evidently the notion of the y-integral is the generalization of the notion of the
Giteaux-Levy integral. For y(¢, x) = x the y-integral is the Gateaux-Levy integral.
Properties 1’, 2', 3' are obvious; property 4’ can be checked directly. If the joint
distributions of the pairs of functions ¢, ¥, (¢, x) and ¢, ¥, (t, x) are equal, then a
¥, -integrable functional F(x) is also ¥,-integrable and T,, F(x) = T, F! ).

Let us remember that the equalities (1.1)—(1.4) and Theorem 1.1 imply
the fact that the algebra of functionals of integral form have uniform closure
G(X) and that G(X) determines a metric compactification gX of X. By virtue
of Theorem 1.2 and properties of the Y-integral, for any F(x) € G(X) and for any
¥ €V we have T F(x) = F(a,). For the same reason any linear multiplicative
functional continuous on G(X) with its value on the functional 1 being equal to
1 is a y-integral.

Note that we can obtain the principal properties of the y-integral from 1',
2', 3", 4'. For example, multiplicativity holds for the functionals of integral form
and thus for all functionals of G(X). In fact, the equalities (1.1), (1.2), (1.4) and

property 4’ imply
T¢[F1 ) Fz(x)]
1.1
=J‘o ...f0¢l(tl’ oo ’tkl;w(tli x1)9 eoe y w(tkl) xkl))
I TS TIPSR JFTE ) TR R Xy +,)
dtyseedty 4, d%y 0 dXy 4,
1.1
o IR ICXCSEARTTOIEN RO TCRE NS T R
1.
x L { Gty b W XDy Wty X Dty = it ity oo iy

=Ty Fi() * TyFyx).
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Consider the Gateaux-Levy integral. Since the Gateaux-Levy integral is the -
integral for Y(z, x) = x, the Gateaux-Levy integral of a functional F(x) € G(X)
is TF(x) = F(a,). From the first section of the present paper it follows that ay,
and in particular a,, belong to gX\X if y € ¥\X. Thus the Gateaux-Levy integral
on G(X) generates a measure on gX concentrated at the point a, €gX\X, and
hence the Gateaux-Levy integral does not generate a countable additive measure on
X.(%)

Let U(a,,) be an open neighbourhood of a,, in gX and U’ = X N U. Accord-
ing to Definition 2.1 of the Gateaux-Levy integral we have lim,,_, u, (U’ N K,)=1,
where K, is the set from Definition 2.1 which can be identified with the n-dimen-
sional unit cube, and p,, is the Lebesgue measure on this cube. Now we describe in
our own terms the following phenomenon, first investigated by Borel (see [3])
and then by Giateaux, Levy (see [2]) and other mathematicians: for any functional
F(x) of integral form (2.1) and any € > 0 there exists an open set ¥’ C X such
that

nli-ﬂ ””(K" n V') =1

and for any point x" € ¥’ we have |F(x") — TF(x)l < e. The proof is very
simple. Consider F(x) on gX. The open set ¥ C gX consists of those points

x € gX for which |F(a,) - F(x)| <e. The set V' = V' N X satisfies all the condi-
tions because F(a,) = TF(x).

Let us define the set L(X) to be the set of all bounded continuous func-
tionals F(x) such that for any e > 0 there exist G, (x), G,(x) C G(X) such that
G,(x) < F(x) < G,(x) and T[G,(x) — G,(x)] <e. According to property 3 of
the Gateaux-Levy integral the functional F(x) is integrable.

Let BX be the Cech compactification of X. It is a maximal compactifica-
tion of X and every bounded continuous functional on X can be continuously
extended on X. Consider the natural mapping of 8X on gX. We denote the pre-
image of the point a, by 4,. If F(x) € L(X), then F(x) is constant on A4, its
value on 4, being the value of TF(x). On the other hand any functional F(x)
constant and equal to d on 4, belongs to L(X). In fact, for € > 0 let U’ be
the open set of all x' € BX such that |F(x") —d| <e. Let ¢' = X — U’ and let
¢ be the image of ¢’ in the natural mapping of 8X on gX. If we set U= gX\¢,
then ¢, € U. There are functionals G, (x), G,(x) C G(X) such that

G@)=d-¢ G,(x)= min[d -€, x%i;?x F(x')] =F,,
if x € ¢ and

(5 ) The fact that the Gateaux-Levy integral does not generate a countably additive
measure also follows from the ideas described in [2].
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F,<Gx)<d-¢€ Gy@a)=d+e, Gz(x)=maxE1+ €, %%)}F(x')] = F*,
X

if x € ¢ and
F*>G,(x)=>d t+e

Obviously G,(x) < F(x) < G,(x) and T[G,(x) — G,(x)] = 2e. By definition
F(x) € L(X).

Let B be a closed set in X with the property that every bounded continu-
ous functional constant on B is integrable, its Gateaux-Levy integral being equal
to its value on B. For example, a closed set B D A, is such a set. It can be
easily proved that for any set U D B, U open in X, we have

lim p, (K, NU)=1.
n-—»oo

On the other hand, if for a closed set B C X we have lim,_, .u, (K, NU) =1
for every open set U D B, then any functional constant on B is integrable, its
Gateaux-Levy integral being equal to its value on B. If each of a finite number
of closed sets B, ... , B, has the same property as the set B, then the set

N7 ,B; # & and it has the same property. Thus if {B,} is the family of all
closed sets, having the property of the set B, then the set () B, =B, #% and
the set B, has the property of the set B. It is clear that integrability or noninte-
grability of a functional depends only on its behavior in a neighborhood of the
set B, .

DEFINITION 2.3. A bounded continuous functional constant on B, is said
to be a functional constant.

The set of all functional constants is denoted by L,(X). This definition is
reasonable, since for any bounded continuous and integrable functional F(x) and
for any functional L(x) € L, (X) the functional F(x) * L(x) is integrable and
TIF(x) * L(x)] = TF(x) * TL(x). A bounded continuous functional L(x) be-
longs to L. (X) if and only if [TL(x)]* = TL?(x), assuming that both TL(x)
and TL2(x) exist.

The set A, is a G set, i.e. there exists in fX a system of open sets U; D

©o

U, D=«++ U, D e+ such that (\,_, U, = A,. This follows from the fact that
A, is a pre-image of a point in the natural mapping of 8X on the compact metric

space gX.
THEOREM 2.1. The set B, is not a G set.

PrOOF. In Definition 2.1 we considered the sets K, of functions constant
on the intervals [0, 1/n], [1/n, 2/n], ..., [(n — 1)/n, 1]. Each function in K,
is determined by n numbers x,, x,, ... , X,,, the values of this function on the
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respective intervals. Every function in K,, is a point of the n-dimensional unit
cube and vice versa. Consider the set in the n-dimensional unit cube (n > 2)

X; = {(xl,... ,xn): lxl —x2| + lx3 —x4l+ .'°+lxn_2 - X, _l|>%("“l)'P},

if n is an odd number and
X;l = {(xla see 9xn): lxl —x2l+lx3 —‘x4l+.. * +lxn-l _xnl =¥n- p}’

if n is even; p is fixed and 0 <p < 1/3. The set X; = K,. According to the
law of large numbers lim,,_, .u,(X;) = 1, where y, is the Lebesgue measure of the
n-dimensional unit cube, since £ f§|x; = x,, ;| dx; dx;, ; = 1/3. The sets

X}s - s X, ... are closed in X and also closed in X are the sets U;z, X,
where ny,...,n;, ... isany sequence of positive integers. There exist closed sets
X, C X, such that lim,, .u,(X,)=1and X, # X; fori #]. Suppose that there
exists in BX a sequence of open sets

U,2U;2+++U,>D+++ and () U, =B,.
m=1
Let us take a decreasing sequence of numbers €, >¢, > -+ >¢, >+ such
that €,, — 0. For ¢, there exists a positive integer n, such that for all n > n,
we have u,(X,, N U;) > 1—¢,. For e, there exists a positive integer n, > n,
such that for all n > n, we have u,(X, N U,)>1—¢,. Similarly there exist
numbers ny <n, <-++<n, <---. Consider the sets

(ng) _ . o (npt1) (ny-1)
Utl=Xx, nU; U! =Xy 41 DU . 302 = ny—1 N Uy
(ng) _ Comgrny (n3-1)
U =X, NU; U 2 =Xnye1 N0y 303 T =X, N Uy
(n (ny+1) T S ( NS )
_x w Wms U =X, Oy UM =Xy . 1=1 VUn-
Set UV =x,, UD =x,,..., u"™V = X,,-1- If {x,} is a sequence of

functions such that for any n, x, € UM, then the closure of the set {x,} in pX
is a closed set X, o and X, 0\{x } C B,. Every function x,, € X, and so p,, =
Py Uiz, X) > 0. Let ¥, be the p, -neighborhood of the function x,. For
numbers p;, the following conditions hold:

@@ 0<p} <p,/4,

() lim,, u,(V, NK,)=0.
There exists a continuous functional Z(x) for which

M o<Zym<1,

3] Lo(xn) 0 for every n,

) Lyx) = 1,ifx € \UZ, V,.
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The functionals L o(x) and A %(x) are integrable and Tfo(x) =TL g(x) =1. So
for xo €B,, Ly(x,) = 1. And also for every point x, € X\ {x,} C B,, Loxo)
= 0. The contradiction received proves the theorem. Q.E.D.

It is obvious that B, C A,. Theorem 2.1 implies that B, # A,. Denote
the pre-image of the point 4, under natural mapping of X onto gX by 4, . The
Banach algebra L, (X) of y-functional constants is the set of all bounded contin-
uous functionals F(x) such that [T, F(x)]% =T, F’(x) assuming that both
TyF(x)and T, F%(x) exist. If F(x)EL ¢ &) and F(x) is a bounded continuous
y-integrable functional, then T, [F(x) * F’(x)] T,F@) T, F(x). There exists
a closed set By, C A, such that F(x) €L, (X) if and only if F(x) is constant on
B,,. Existence or nonexistence of the y-integral depends only on the behaviour
of the functional in a neighbourhood of the set B,,. The set 4, is a G, set. If
¥ € V\X then B, is not a G set and thus B, # 4. If Y(t, x) = x,(t) € X,
then T, F(x) = F(x,(?)) and Ay, = B, = x(¢). By virtue of Theorem 1.2, (.4
is the union of sets 4,

EXAMPLE 2.1. The functional Q(x) = f3x(f)x(¢ + 7) dt, where 7 is a
fixed number, 0 < 7 < 1. The sum ¢ + 7 is considered modulo 1. For ¢ €¥
one evaluates immediately

7,00 = [ [ [ v e + ) dr dx dy,

Q*(x) = f ;ﬁ x(t)x (t)x(ty + Dx(t, + 1) dt, dt,.

Also directly we get
T,@2@) = [ [2 [ [1 [1 [0 900 %0000 2000 + 1,900 + 7, 9,) dty diy dxy dxy dy, dyy

[ fafve s + 9y aeax ] = 1m0

Thus for any ¢ € ¥ the functional Q(x) € L, (X), i.. it is constant on B, . Let
a sequence of functions x,(f) converge in gX to a point a,,. That means that for
anyn=0,1,2,...and m=1, 2, ... we have

. (l.nom _(1(1,nym
kh_:}}Jot xk(t)dt—fofot Y™(t, x) dt dx.

For any ¢ € ¥\X one can easily get a sequence X, (f) converging in gX to a,,
such that the limit lim; _, .. O(x,(r)) does not exist. That means that, in spite
of the fact that O(x) is constant on B, for any Y € ¥, the functional Q(x) is
not constant on A4, for any ¢ € P\X.

The investigation of Y-integral by means of compactifications gives some non-
trivial properties of the functionals of the space X. Let F(x) be a bounded contin-
uous functional and let
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F®WM(x,)), ..., v8x,)
be the functions introduced in Definition 2.2. Let
Em [0 oo [ PO, - U6 dry oo dx, =T, FE),

Tim [0 e e LRGP, -0 Y, dxy - - dx, = T, FE).
If T‘p F(x) = T, F(x), then by virtue of Definition 2.2, F(x) is y-integrable.

THEOREM 2.2. If F(x) is a bounded continuous functional Y €V, and d
is a fixed number such that Tw F(x)=d> _‘[w F(x), then there exist:

(1) A sequence of functions {{;} C ¥ converging to {, i.e. for any n =
0,1,2,...and m=1,2,... we have

n,,m n,m
k_mf'f Yt x) dt dx = f f t"Y™(2, x) dt dx.
(2) Two sequences of functionals of integral form Gy, Gy, «.. » Giyg, --e»
Gy, Gazs --. » Gyy, - Such that for all k, Gy, (x) < F(x) < G, ,(x) and
Hm Ty G ®) = lim Ty, Gpa) = d.

One can arrange that {Y,} C ¥\X.

Proor. (1) The set 4, is connected. Consider the system of functions
defined on [0, 1]:

Y11

P125 ¥22
¢1,2”; ¢2,2"; e 2n 28

where .2n is equal to 1 on the interval [(k — 1)/2", k/2"] and vanishes outside
this mterval Obviously, the functionals of the form

@4) Fey= [ 0, i@ at,

where m is any positive integer, generate an algebra, its uniform closure being
G(X). That means that for any point 4, € gX and for any nelghbourhood U(aw)
in gX, there exists a finite set of functionals of the form (2.4), Fl ), .. JF (x),
and a finite set of positive numbers €, , ... , €, such that the set

V= {x: lf"l(x) —??"l(aw)l <€ps-ees Il?"q(x) —;q(aw)l <eq}

is open in gX, contains the point @), and ¥ C U(a, ). Suppose that the set 4,
is not connected. Then there exist in BX two open sets Uy and Uy, Uy U U, D4,
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U,NU, =2, where U,, U, are closures of U; and U, in fX. Let U; N X =
Vyand U, N X =V,. Since 4, is the pre-image of the point 4, under the
natural mapping of X onto gX, then there exists in gX a neighborhood Uay ) of
a, such that U@, ) N X C V; UV,. According to previous arguments there ex-
ists in X an open set

V= {x(t) I X P, NGO W wkl’znl(t)wml(t,x)dtdx'<el,...,

1
| IR ‘qu,znq(t)me(t) ar-| |, %, OV %) d dxl < eq}

such that both ¥ and V), contain points of ¥ and ¥ C V; U V,. Hence the
set V is disconnected. Note that the indices n, ..., n, of the functions
Gy ,an15 o5 ‘pkq,z"q in the definition of the set V are, generally speaking, dis-
tinct. One can easily make them equal. For any two functions x,(¢), x,(f) C V
there exists a continuous mapping 7 of the interval [0, 1] into ¥ such that 7(0)
=x,0),n(1) = x,(t) This contradiction proves that the set 4, is connected.
(2) Set M = max, Ay F(x), M= min, 4, F(x). It can be easily proved
that M > Tw F(x)= L,,F(x) =M. Theset A4, bemg connected, there exists a
point x, € A, such that F(x,) = d. Consider the sets U, U,, ..., Uy, ...in
X, where

Uy = {x(e): IFGx(9) ~ d1 < 1/k}.

Let VDV, D+ ++DV, D~ -beasequence of open sets in gX such that
MNk=1Vx =a,. Consider the open sets in X:

W,=UNVyeoo , W =U NV, ...

These sets are nonempty by construction.

Let W} be open sets in gX such that W, N X = W, and W, C V,.
Let us select a point a,, x in each of them. Obviously we can select them so that
ay, € gX\X. The sequence of functions ¥, converges to Y. Set

Ly, ; I
xgj)z F(x) + o M . g‘n‘;kﬁ'(x) x Myy-

We can construct two sequences of functionals in G(X)
(2.5) Gy1» Ga1soee s Grps oee s
(2’6) G{z, G;z, cee gy G;cz, cee y

so that for all ¥ we have
G;d(x) <Fx)< G;cz(x), T‘p kG;‘l =M, kaG;‘z = M),
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However lim;_, M) = limk_,,,M(") =d.

Note now that any functional in G(x) can be uniformly approximated by
the functionals of integral form, and thus sequences (2.5) and (2.6) can be re-
placed by similar sequences of functionals of integral form satisfying the asser-
tion of the theorem. Q.E.D.

The fact that 4, is a connected set is very interesting, since B, is discon-
nected for any ¢ € ¥\X.

3. Integrable and nonintegrable functionals. In the proof of Theorem 2.1
we introduced the sets X, C X. The sets U2, X,;_, and U2, X,; are closed
and [UiZ 1 Xp;-4] N [UiZ 1 Xoi] = 2.

ExXAMPLE 3.1. A bounded continuous functional K(x) which is not Gateaux-
Levy integrable. Let K(x) be equal to 1 on ;2 X,;_, and vanish on U2, X,;.
Obviously this functional is not integrable.

EXAMPLE 3.2. A bounded continuous Gateaux-Levy integrable functional
S(x) such that S*(x) is not Géteaux-Levy integrable. As we know X, can be
considered as a subset of the n-dimensional unit cube and lim, _, .. #,,(X,,) = 1,
where u,, is the Lebesgue measure on the n-dimensional unit cube. If # is an odd
number, we take a function f(x,, ..., x,) = x,, where (x,, ..., x,,) are coor-
dinates of the point in the n-dimensional unit cube. We denote this function on
X, CXbyf,. If nis an even number, we take the function g(x,,....,x,) =
3x3/2 on the n-dimensional unit cube. This function on X,, we denote by g,,. Let
us take a bounded continuous functional on X equal to f,, on X, for odd n and
g, on X, for even n. By virtue of Definition 2.1 of the Gateaux-Levy integral
this functional is integrable and TS(x) = %, whilst the functional $2(x) is not
integrable.

In Definition 1.1 of the Giteaux-Levy integral we considered the n-dim-
ensional unit cube K|, and the function F'(")(x1 » +-+ » X,,) induced by the func-
tional F(x) on K,,. Let m functionals F,(x), ..., F,,(x) be given; to each of
these functionals corresponds a function on K

&X)) F™Gey, oesx,), oo s EM (3, ool xp).

Denote by f,(,:’) the joint distribution of functions (3.1) with respect to Lebesgue
measure on the n-dimensional unit cube.

Let A(X) be a Banach algebra of bounded continuous functionals. Each
functional belonging to A(X) is integrable if and only if there exists a family of
functionals {F,} C A(X) generating an algebra whose uniform closure is A(X)
and such that for any finite number of functionals F,, ..., F,, C {F,} their
joint distributions f' f,':) converge weakly for n — oo,

Let F_,,(X) be a maximal algebra of bounded continuous Gateaux-Levy
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integrable functionals, i.e. an algebra such that there is no algebra A(X) O
FpaxX) (AX\F,,(X) # ) consisting only of bounded continuous Gateaux-
Levy integrable functionals. Evidently F . (X) O L,(X), the space of all func-
tionals constants (Definition 2.3).

THEOREM 3.1. The intersection of all maximal algebras of bounded con-
tinuous Gateaux-Levy integrable functionals is L (X).

ProoF. Denote the intersection of all F,, (X) by L, (X). Let F(x) €
L., (X) and suppose that F(x) ¢ L,(X). Denote by f () the distribution of
the function F")(x,, . . ., x,,) induced by F(x) on K. For n—> o, f(*) converges
weakly to a distribution function f () There exists a Lebesgue measurable
function ¢ defined on [0, 1] such that its distribution function with respect to
Lebesgue measure on [0, 1] is equal to £(®). Since F(x) ¢ L,(X), ¢ is not con-
stant on a set of measure 1 in the interval [0, 1].We can find continuous functions
F,S,")(xl »+++»X,) on K, such that maxIF,(k")I < max|F™)| and if g is the distribu-
tion function of F{™, then g™ — f(®) and

1 1
fo L3R ofoF(n)(xl,. .o ’xn) A Fin)(xl,. .o ,xnﬁxl b .dxn—)(TF‘(x))z'

Let us take a bounded continuous functional F* equal to Fﬁ”)(xl, ..orXx,)onX,
for all even values of n and equal to F®)(x,, ..., x,) on X, for all odd n (the sets
X,, are the same as in Theorem 2.1). Obviously the distributions of functions in-
duced by F*(x) on K,, converge weakly to £©) for n — oo, Thus there exists a
maximal algebra of bounded continuous Giteaux-Levy integrable functionals con-
taining F*(x). On the other hand, this algebra does not contain F(x), since the
functional F(x) * F*(x) is not integrable. We have arrived at a contradiction which
proves the theorem. Q.E.D.

Up to now we have considered only Gateaux-Levy integrability. A similar
study can be made for the y-integral.

ExaMPLE 3.3. A bounded continuous functional Q(x), which is not -
integrable for any ¢ € W\ X.

ConsTRUCTION. Take the sets K, C X (see Definition 2.1) and a sequence
of numbers . >p, >p, > ¢ >pq> MR B —> 0. Consider the setsinKzn:

Xpq = {xps .- ,xzn): Ixy —x,1 + x5 — x4l

Foeee 4 |x2n_ -xznl >2n—l . pq}.

1

For any pair of positive integers ny # n, we have p(X,,, 0. X, /)>Po/[2. Let U, o
be an €, ,-neighborhood of X, , in X, where the numbers €, , are selected so
that U,, . NU,, , =& if n; #n, and lim, , €, , = 0. Consider now for

ni,q na,q
every odd n a continuous functional Q,, e € G(X) equal to 277 on X,, ,, vanishing

n'q 4
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on X\U, , and such that 0 < £, ,(x) < 277. Set

2,0) = 21 23n-1,4)-
n=
Evidently 0 < £, (x) <279. Set

Q) = 3 2,().
q=1
Let y € W\X. Let us take a number Pqo such that

JoJo S we - v ) dtdx dy >py.

It can be easily proved that the functional Q, o(x) is not y-integrable. In fact, if

Q, 0(xl, cees xzn) are the functions induced by &, o On the cubes K, 5 then

2n—l) 2n-1 )
,......f fo qu(‘p(z Ge1ds o ']’222"'1 )(xzz"'l)) I %

n]—j')n;I; fo qu(w(z )(xl)’ ) w(zzn)(x 2")) dxl oo dx 2” 0

(here we use Definition 2.2 of y-integral).

The functional 2, ; Q,/(x) vanishes on the sets X, . o for even n and
hence the functional Z7_, 0S'Zq(x) is not Y-integrable. There exists only a finite
number of sets U,,, .., where n' is an 0dd number and ¢’ < g, which have a
nonempty mtersectlon with the sets X}, ., where 7 is an even number. Accord-
ing to construction, Eq°'19 L, ®) = 2W(x) + QO(x), where QW(x) is the sum
of functionals Q. .(x) and therefore 2W(x) € G(X). Consequently QW(x) is
Y-integrable. The functlonal Q®(x) vanishes on X, for any even n and
Q®)(x) > 0. Thus the functional Q(x) is not np-mtegrable

4. Compactifications of the space X.

THEOREM 4.1. A Banach algebra of bounded continuous functionals A(X)
determines a compactification of X, if and only if for any function xo(?) and for
any Y(t, x) €Y, xo(t) # Y(t, x), there exists a functional F(x) € A(X) and a
functional F'(x) of integral form such that F'(x) < F(x) and F(x,(t)) < T,F'(%).

PROOF. Necessity. Let F'(x) be a functional of integral form such that
T,F'(x)— F'(xg) =d >0. Consider the following open set in X: U= {x(¢):
|F'(x) = F'(xo)l <d/2}. The functional F(x) € A(X); F(xy) = F'(xo) + d/2;
F(y) = sup F'(x) if y € X\U; F(xy) < F(x) < sup F'(x). Obviously F'(x) <
F(x) and

F(xg) = F'(xg) + d[2< T, F'(x) = F'(xo) + d.
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Sufficiency. From the Tychonoff theorem it is sufficient to prove that for
any function x(#) and for any closed set Y C X (x,(7) ¢ Y) there exists a
functional Fjj(x) € A(X) and a number € > 0 so that F(x,(1)) < Fy(x) — € if
x €Y. Let [Y] be the closure of Y in gX. For every point a, € [Y] there
exists a functional F, (x) € 4(X) and a functional integral form F'(x) so that
F'(x)<Fy(x)and 0 = Fy (xo()) < Ty, F'(x) = F'(a,). There exists a neighbor-
hood U'(aw) of the point a;, in gX and a number €;, > 0 so that, if xX'evu '(a‘,, ),
then 0 =F¢(xo(t))<F'(x') —€y. Let U, =X N U'(aw). Ifx€U,, then0 =
Fy(xo@) <Fy(x)- €y Astheset [Y] is compact, a finite number of points
@y s +-+ 8y, exist, so that [Y] C UL, U'(awi). It can be easily seen that
YcUL,U, , and so for every point x € Y we have

0= max{F%(xo(t)), ,F¢k(xo(t))}

< max{F,,,l(x), ,ka(x)} - min(e,,,l, cees ewk).

For Fy(x) we can take the functional max {F,, [&)s . Fy k(x)} ande=
min(e‘p FETHS ewk). Q.ED.

Let F,(x) be a sequence of bounded continuous functionals. We say that
F,(x) determines a compactification of X if the uniform closure of the algebra,
generated by the elements F,,(x), is an algebra of bounded continuous functionals
determining a compactification of X. The following theorem is the corollary of
Theorem 4.1.

THEOREM 4.2. A sequence F,(x) of bounded continuous functionals of
integral form determines a compactification of the space X if and only if for any
function x(t) and any Y(t, x) € ¥, x,(t) # Y(t, x), there exists a number n
such that F,(xo() # T, F,(x).

Let ¢, (t) be a basis of the space L,(0, 1). Let > 0 be fixed, a # 1. A
direct application of the Tychonoff theorem yields the result that the sequence
of functionals of integral form

Fy) = [ x*®dt, F;)= [ o,0xat, ..., F0)= [ LX) dt, .

determines a compactification of the space X. Let us prove it with the help of
Theorem 4.2. Let xy(t) € X, Y(t, x) € ¥, x(t) # Y(¢, x). There are two
possibilities:

(1) There exists n such that

Fy(o@) = [ 0,0x@dt# [ [ 0@, x)dt dx =T, F, ().

() xo(O = (vt x)dx. Thenifa< 1,
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1 (1
Folxo®) = [(x5@)de> [ 1y, x)dr dx = T, Fol);

if a> 1,
Fobeo@) = [ x50 de < [ [2yot, x)de de = T, Fy(x).

The assertions of Theorem 4.2 hold.
S. Limit theorems for functionals on measurable random processes.

THEOREM S5.1. Let X be a separable metric space such that:

1. There are probability measures Py, ..., P,, ...and the probability
measure P defined on Borel sets X.

2. There exists a Banach algebra A()? ) of bounded continuous functions on
b , Which determines a compactification aX of the space X and such that for any
F(x) e A()? ) we have

(6R)) Iim f F(x)dP, = f F(x)dP.

Then equality (5.1) holds for every bounded continuous function on the
space X , that is, the sequence of probabilities P, converges weakly to the prob-
ability P.

Proor. Since the space Ris separable, there exists a separable Banach al-
gebra A'(f )C A(}? ), which determines a metric compactification of X. For
simplicity, we consider the algebra A()? ) to be separable and aX to be compact
metric. Let us extend in a natural way the probabilities P, , ..., P,...and P
onto aX and denote them on aX by 4, ..., M, and . If V is an open set in

a}?, then
p(N=P,VNX),...,u,(N=PWNOX), ..., u(V) =PV N X).

By hypothesis for any continuous function F on aX we have lim,, . fFdu, =
JF dy, that is, measures y, converge weakly to the measure y and that is why
(52 ,P.‘.",. 1, (V) = w(¥)
for any open set ¥ in aX such that u(V) = u([V1]), where [V] is the closure of
VinaX. Let U be an open set in X such that P(U) = P(D), where U is the
closure of U in X. There exists an open set Vin aX such that U= ¥ N ¥ and
U=2Xn [V]. Obviously p,(V) = Py(U), ... , uy(V) = P,(U), ... and p(V) =
u([V]) = P(U). From (5.2) it follows that lim,_,, P,(U) = P(U). The prob-
ability measures P, converge weakly to the probability measure P. Q.E.D.

Let us now remember the definition of a measurable random process pro-
posed by Doob. Let £(¢) be a random process defined on [0, 1], i.e. there exists a
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probability space € = {w} and to every point ¢ € [0, 1] corresponds a random
variable £(#, w) defined on the space Q. Consider £(z, w) as a function of two vari-
ables defined on the product [0, 1] and the space Q. There exists a measure u de-
fined on this product which is the product of the Lebesgue measure on [0, 1] and
the probability on the space Q. If the function £(¢, w) is a measurable function
with respect to measure ., the random process £(¢) is said to be measurable.

Suppose that £(f) is a measurable process, 0 < £() < 1, for all £ € [0, 1] . Then
almost all the sample functions of this process are Lebesgue measurable with range
between 0 and 1. Note that, in general, there may exist two different sample
functions of the process £(f) which are equal on a set of measure 1 in the interval
[0, 1]. It is important that any continuous functional F(x) on X can be consid-
ered as a random variable F(¥(t, w)) on .

DEFINITION 5.1. The sequence of random processes £,(¢) converges to the
random process £(f) (0 <t < 1) if for any positive integer k and for any sequence
n; of positive integers there exists a subsequence ny; and a set 4; of Lebesgue
measure 1 in the k-dimensional unit cube (0 <¢, <1,...,0<¢, <1)such
that for any fixed point (¢, ... , #;) € 4, the joint distributions A; of the ran-
dom variables &, 1,-“1 ), &, ij(tz), -+« En; (;) converge weakly to the joint distribu-
tion of the random variables £(t,), £(2,), ... , £(t;)-

THEOREM 5.2. Let &,(t) be a sequence of measurable random processes and
&(?) be also a measurable random process (0 <t <1,0<£,() <1 for all n and
t, 0 <{(®) < 1). The following assertions are equivalent:

A. The sequence &,(t) converges to &(t).

B. For any continuous and bounded functional F(x)

53) lim EF(5,(1)) = EF®)-

C. There exists a sequence of functionals of the integral form F,, (x) such
that:
(@) for any xy(t) € X and any Y(t, x) € ¥, where x(f) # Y(t, x)
there exists a number m' such that F,,«(x,(f)) # Ty Fr(®);
(b) for any m the joint distributions A,, of the random variables
Fy(,@); ... , F,,(§,(t)) converge weakly to the joint distribution of the random
varigbles Fy(¢(D), ... , F,,(¢(t)).

ProoF. We shall prove that A= B=C=B=A.
1. A=B. Set

1
F(X) = Io P f(l)¢(tl’ ceey tk;x(tl)’ eee ,X(tk)) dtl een dtk
functional of the integral form. Obviously
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lim EF(¢, () = lim E[f; s [0t e B ), L Ey(8)) ity e dtk]

= fim [ oo [TIEO(ty, - st £ty oo Ea(tO)] dty = o dty

n—»>oco

o j; [EQtys vvs s E(ty), -ov » EE)] dty + oo dty,
=E[f; o [t B, e B ity e dt,,] = EF(£(?)).

Since G(X) determines the compactification of X, it follows, by virtue of Theo-
rem 5.1, that (5.3) is valid for any bounded continuous functional on X.

2. B = C is evident.

3. C= B. This follows from Theorems 4.2 and 5.1.

4. B=>A.

Let K be a set of measurable functions defined on the k-dimensional unit
cube 0<t,<1,...,0<¢, <) Ifx(t,,..., ¢, ) EK, then 0 <
x(ty, ..., t;) < 1. The set K is closed with respect to the metric

(54 o(xy, x5)= f; .. ‘f:,lxx(tv cees 1) =Xy (2t . )l dEy oo dty.

From the Frechet-Kolmogoroff theorem (see [10, X, 1]) it follows that the set
K is compact in metric (5.4) if and only if for any € > 0 there exists § > 0 such
that for any sample of nonnegative numbers 7,, ..., 7, (8 = max, ¢;¢,7,) and
for any function x(t;,...,#,) €K

1 1
fo ...J‘o [X(tys ee s t) = X(ty + 7y, st F T dEy o0 dty <6,

where the addition ¢; + 7, is considered modulo 1.

Consider the probabilities Py, ..., P,, ... and P of the processes £, (¢), ...,
£,(1), ... and &) on X. If B holds, then for any e > 0 there exists a compact
L C X such that P,(L) =1 — € for all n (see [6, IX, 1]). Thus by virtue of the
Fréchet-Kolmogoroff theorem for the functions of one variable we get

.5 JJm E [ e =t +nlde =0,

where the addition ¢ + 7 is considered modulo 1. Consider a sequence n; and
the sequence of measurable functions on the k-dimensional unit cube:

g et = B0 %+ % 2

Py, ... ,D;-sample of nonnegative numbers. Since
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J'(‘) ...f(l)|fi(t1,m,tk)—fi(tl + 7yt Tl dey e dly

< [h e LB x 0 x B

—g M ) X x &Kt + )l dty <o dty,
i 1

it follows, by virtue of (5.5) and the Fréchet-Kolmogoroff theorem, that the
closure of the sequence fi(t,, ..., t;) is compact. Thus there exists a subse-
quence i and a measurable function f(¢,, ... , ¢;) such that f}j(tl, «ee s 1) cON-
verges almost everywhere to f(¢,, ..., t;). In fact, we have f(t,, ..., #) =
Eg” 1) x+2°x {D k(t,) on a set of measure 1 in the k-dimensional cube. Sup-
pose this is not true. Then there exists a set D of positive Lebesgue measure
in the k-dimensional unit cube such that say f(¢,, ..., ) — Esp 1)) x ooe x
£%(t,) > e > 0 for all points (t,, ... , t,) € D. Hence

lim Efoéofgiilj(tl))(ooo Xg;z:j(tk)dtl Ooodtk

j’-)ee

. DY 1 oee k oo dt .
> u(D) e+EfD fz” (t)) x *++ xE k() dty k
But this inequality contradicts assertion B, since the functional

F(x) = f...fxpl(tl) X oo xxpk(tk)dtl e dty
D

is obviously bounded and continuous. Therefore A obviously holds. Q.E.D.

REMARK. We say that finite-dimensional distributions of the random pro-
cesses £, (#) converge to the finite-dimensional distributions of the random process
&(2) if for any finite sample of points (¢, ..., #;) the joint distributions A, of
the random variables £,(¢,), ... , £,(t;) converge weakly to the joint distribution
of the random variables £(t,), ..., £(t;). If §,(f) and £(f) 0<:<1,0<¢,(®
< 1, 0 < §(?) < 1) are measurable random processes and if the finite-dimensional
distributions of &,(f) converge to the finite-dimensional distributions of £(r), then
condition B of Theorem 5.2 holds. If £,(f) and £(f) 0 <t<1,0<§,()<1,
0 < £(r) < 1) are either continuous random processes or processes with the sample
functions without discontinuities of the second kind, and if their finite-dimen-
sional distributions converge, then (5.3) does not hold, in general, for all bounded
continuous functionals (the functionals are considered on the space of continuous
functions with a uniform metric, if the processes are continuous, and on the space
of functions without discontinuities of the second kind with a Skorokhod metric
(see [6, IX, 5]), if the processes with the sample functions without discontinuities
of the second kind).
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6. Compactifications of spaces of functions. In previous sections we have
considered a compactification method for the space X of all functions x(t) €
L,(0, 1) such that 0 < x(f) < 1. Some modifications of this method enable us
to construct the compactifications for some spaces of functions.

Let K be metric compact with the countably additive nonnegative measure
v defined on the Borel sets such that »(K) = 1. We suppose, for simplicity, that
n(t) = 0 for all # EK. Let L,(K) be the space of all »-measurable functions
x(#) on K such that [ Ix(r)/P dv <e°, p = 1. The metric in LP(K) is given by

p(xy, x,) = (fk lx; () — x,(H)IP dv)llp.

L. Compactification of the space X[f,, f,]1. Let f,(¢) and f,(¢) be contin-
uous functions on X, f, () <f,(t). The set X[f;, f,] consists of all functions
x(?) € LP(K ) such that f;(#) < x(f) < f,(f). LetK -+ R be the product of K
with the axis R of real numbers. The points on R we denote by z. The set Z C
K - R consists of the points (¢, z) such that f; (£) <z <f,(#). Let the set K be iso-
morphic to K and K' = ITX_  K;. Let the set Z; be isomorphic to Z (we denote the
points of Z; by (#;, z;)). The measure v, is defined on K; and is isomorphic to v on
K. Consider the functionals of integral form

6.1) F(x) = f Wty oee s b X)), -on, X(28)) dpy ¢ o dv,

on the space X[f, f,], where #(¢,, ..., t;; 2z;, ..., z;) is the continuous func-
tion on the product of the spaces II,{;]Zi. We integrate with respect to the prod-
uct of measures v;.

Let ¥[f, f,] be the set of all functions Y(z, 5) defined on the product of
K with the unit interval 0 < s < 1 and measurable with respect to the product
of v and the Lebesgue measure on the unit interval and such that £, (f) < ¥(¢, s)
< f,(@).

THEOREM 6.1. The space X[f,, f,] has a compactification M*[f,, f,];
each point of M*(f,, f,] can be written as Hy> V€ Y[f1,f,]. Toeachy €
Y[f;, f,] corresponds uy €M* (£, £,]. The functionals of integral form (6.1)
form an algebra and the uniform closure of this algebra is the Banach algebra of
all bounded continuous functionals on X[ f, f,] which have continuous exten-
sions on M*[f,, f,]. The value of the functional (6.1) at a point My is

1 1
Fapy= [ [0 [0t o 05 00 5y e Wt ) dvy oo vy dsy <o dy.

II. Compactification of the unit sphere in L,(K). Let S be the unit sphere
in L,(K): x(t) €S if [ Ix(:)I° dv=1. We use the same notations. Let Z, =K * R
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be the product of K and of the axis R of real numbers. Let M(S) be the set of
all nonnegative countably additive measures u defined on the Borel sets of Z,
such that y(Z,) =1 and [, olzIP du < 1. The sequence of measures u, converges
weakly to the measure u, if for any bounded continuous function f (¢, z), defined
on Z,, we have

I [, £ 2)du, = [, £t 2)du.

This convergence makes M(S) a compact metric space. To each function x(f) €S
corresponds the measure p, € M(S). If 4 is a Borel set of Z,, then

1 if(t,2)€A4,

l‘x( 4) = IKXA(t’ x(t)) dv, where xA(t, 2)= { 0 if(r,2)¢ A

Obviously [x Ix()IP dv = f¢|zIP du, = 1. The mapping x(f) — u, defines a
homeomorphism of the space S onto the space of measures u,. The closure in
M(S) of the set of all measures u, we denote by M*(S). Obviously M*(S) is a
metric compactification of S. Let u* € M(S). The measure u* € M*(S) if and
only if for any Borel set B C K u*(B") = uB) (B' = {(¢, z): t € B}).

Let ¥(S) be the set of functions (¢, s) defined on the product of K and
the unit interval 0 < s < 1 and measurable with respect to the product of the
measure v and of the Lebesgue measure on the unit interval and

fxf:, W@, P dvds<1,

ie., ¥(S) is the unit ball in the space LP(K x [0, 1]). Consider the measure
Ky on Zy:

m@ = [ x4t ¥t ) dv as,
where A is a Borel set in Z,. The measure p, € M*(S). On the other hand, if
u* € M*(S), then there exists Y € ¥(S) such that u* =p,. The method of the
proof is the same as in the first section: for each real number z’ there is the
measure p,» on K. If B is a Borel set in K, then p,/(B) = u*{(t, 2): t €B,
2 <2z'}. Consider the functionals of integral form

62)  F®=[ 8t 43 XC), ., x(0) dvy o dy,

where ¢(,, ... » t53 2y, ---  2;) is a bounded continuous function on X, Z{,
Z{) isomorphic to Zy, K' = IE_ K, etc.

THEOREM 6.2. The space S has a metric compactification M*(S). Each
point of M*(S) can be written as uy,, ¥ € ¥(S). To each Yy € ¥(S) corresponds
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a point p, €M *(S). The functionals of integral form (6.2) form the algebra
and the uniform closure of this algebra is the Banach algebra of all bounded
continuous functionals on S continuously extendable on M*(S). The value of
functional (6.2) at a point p, is

F,)= fxﬂ H'f;«p(tl,... Vs U(tss S, oo s Uty $)) vy o+ dvy dsy < disy.

ReMARK. The foregoing compactification principle cannot be applied to
the case of the unit ball ¥ in L,(K), ie. to the set of functions x(f) such that
SxIx(®)IP dv < 1, since the mapping x(f) — u, is not a homeomorphism.

II. Compactification of the unit ball V C L,(K). The space Z,, is a metric
locally compact space. There exists a one-point compactification ¢gZ,, where ¢Z,,
=Zy U {3} (P. S. Alexandroff, see [7, I, 9, 8]).

Let M(qZ,) be the set of all nonnegative countably additive measures u
defined on the Borel sets of gZ,, such that u(gZ,) < 1. The sequence of mea-
sures u,, converges weakly to the measure , if for any continuous function f(w)
on qZ, we have

Jim fqzo fw)du, = fq Zof W) dp.

This convergence makes M(qZ,) compact metric.
To each x(f) € V corresponds the measure u;, € M(¢Z,) defined by

(63) w0 = [ %, () av,

where A is a Borel set in Z, X,(¢, 2) = lzIP if (¢, 2) €4, and R, (s, 2) = 0 if
(t, 2) ¢ A. Obviously p’ () = 0. The mapping x(f) — ., defines a homeomor-
phism of ¥ onto the space of measures u;. The closure in M(qZ,) of the set of
all measures y1’, we denote by M(V). Evidently M(V’) is a metric compactification
of V.

Letug € A?(V). Denote by i, the measure induced by % on Z,. There
exists a function Y(z, s) € ¥(S) such that

(64) B = [ 1240 vt ) v as,

where 4 is a Borel set in Z,,. Indeed consider the sequence of functions {x, ()}
C V such that the sequence of measures y;, X defined by (6.3) converges weakly
to . Let p, X be a sequence of measures in M*(S) determined for the functions
x,(f) € ¥(S) as above. The sequence u, . converges weakly to the measure

By € M*(S). The function  satisfies (6.4) for all Borel sets 4 C Z,. On the
other hand, for any function Y(¢, s) € ¥(S) and for any nonnegative number «
such that

65) [ Jo1we P dvds +a<1
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there exists a measure T € M(V) such that the measure I, induced by I on Z,,
is given by (6.4) and Ti(>?) = a. Consider the functional

66) F() = [ 1€, x@)IxOP dv,

where (¢, z) is a bounded continuous function on Z;, which has a continuous
extension on qZ,. The functional (6.6) is continuously extendable on M (V) and

©7) F@ = [, 1) a8 = [ [ofC v N O v ds + - £,

THEOREM 6.3. The space V has a metric compactification M(V). Each
point of M (V) is determined by the pair (Y, &), where Y € ¥(S) and « is a non-
negative number, so that (6.5) holds. To each pair (Y, ) satisfying inequality
(6.5) there corresponds a point i € M(V). The functionals F(x) of form (6.6)
generate the algebra, its uniform closure being the Banach algebra of all bounded
continuous functionals on V which have continuous extension on ﬂ(V). The
value of F() is given by (6.7).

REMARK. Let S be the unit spherein L,(X). The closure of S in M(V) is
the set M(S) of those points & for which the corresponding pairs (¥, &) satisfy
the equality fif3[W(2, )P dv ds + a = 1. The set M(S) is the compactification
of S. It is easy to see that the compactifications M*(S) and M (S) are equivalent.

IV. Compactification of the unit ball in L,(K). Let K be a metric locally
compact space with the nonnegative countably-additive measure # defined on the
Borel subsets. If Q C K and Q is compact, then we assume that h(Q) < . For
all t € R we suppose h(f) = 0. Consider the unit ball ¥ of the space L,(K), ie.,
x(t) € Vif fplx(f)IP dh < 1. By analogy to the foregoing set Z, = K * R, where
R is the axis of real numbers. It is clear that Z, is a metric locally compact
space. Consider the metric compactification ¢Z,, of the space Z such that the
set qZy\Z,, consists of only one point which we denote by °. Consider the
space of functions ¥(¥). The function Y(¢, 5), where ¢ € Rand 0 < 5<1,be-
longs to W(F) if Y(¢, s) is measurable with respect to the product of the measure
h and the Lebesgue measure on the unit interval and if [ f (l)llll(t, P dhds <1.
Consider on V the functionals

©8) F@x) = [ 1@ x@)x(P dh,

where f (¢, z) is a bounded continuous function on Z;, which has a continuous
extension on ¢Z,.

THEOREM 6.4. The space V has metric compactification A~4(I7). Each
point I € M(V) is determined by the pair (¥, ), where ¥ € ¥(V), a > 0 and
I&J ‘l, (@, s)IP dh ds + a < 1. The function x(t) € V is given by the pair (x(t), 0).
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For each pair (Y, &), where y € ¥(P), « >0 and fff(l,ln,b(t, SIPdhds+a<1
there exists the corresponding point i € 117( f’). The functionals F(x) of form
(6.8) generate the algebra, its uniform closure being the Banach algebra of all
bounded continuous functionals on V continuously extendable on ﬂ(f’) and

F) = [ [ £ 9@ D@ P dhds + e - f(2).
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