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ABSTRACT. For a locally compact space there exists a compactification

such that all its points are effectively describable, namely, AlexandrofPs one-

point compactification.  The effective construction of compactifications for

numerous standard separable metric spaces is already a very nontrivial problem.

We propose a method of compactification which enables us to effectively con-

struct compactifications of some spaces of functions (for example, of a ball in

L_(-<», <*>)).  It will be shown that the study of compactifications of spaces of

functions is of principal importance in the theory of integration of functionals

and in limit theorems for random processes.

0. Introduction. The space X is the space of all Lebesgue measurable func-

tions defined on the interval [0, 1] and such that 0 < x(f) < 1; we denote them

by x(t) or simply jc. The metric on X is determined by

(0.1) P(xx, x2) =(jl [xx(t) -x2(t)]2 dtj\

Definition 0.1. The functional

(0.2)      F(x) =jl • - - fa Htx.tk; x(tx),.... x(tk)) dtx dtk

is called a functional of the integral form, where <¡>(tx,... ,tk;xx,..., xk) is a

continuous function on the unit cube of dimension 2k (0 < /*, < 1,..., 0 <

f/fc<l;0<;c1 < 1, ... , 0 < jck < 1) and k is any positive integer.

The following is one of the main results of this paper.

There exists a metric compactification gX of the space X such that any

bounded continuous functional which can be continuously extended on gX is

the uniform limit of the functionals of the integral form. Any functional of

integral form can be continuously extended on gX.  Every point in gX can be

written as a^, where \p(t, x) is a Lebesgue measurable function (0 < t < 1, 0 <

x < 1, 0 < \p(t, x) < 1) such that for the functional of the integral form F(x)

we have
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This result is an example of use of the method of compactification, which is de-

scribed in § 1.

The integration of the functionals is studied in §2. For the functional

F(x) of the integral form we have

T/r=/o ' ' 'Jo0('».f*;*i • - '**) dti ' ' 'dt* dxi'" dxk - *&*)•

where Tí" is the Gâteaux-Levy integral of the functional F(x) and the point

a^G^T.

Various examples of integrable and nonintegrable functionals are investigated

in §3.

The exact knowledge of the compactification gX enables us to make a few

assertions on various compactifications of the space X.  This is done in §4.

The limit theorems for the measurable random processes are studied in §5.

Of special interest is the following result of §5. Let %i{i), ..., %n(t),... and

£(f) be measurable random processes (0 < t < 1, 0 < ?„(r) < 1, 0 < |(i) < 1).

Let Fm be the sequence of the functionals of integral form. For any function

x0(t) G X and for any Lebesgue measurable function \[/(í, x) (0<í<1,0<jc

< 1, 0 < \j/(t, x) < 1), where x0(t) ¥= ty(f, x), there exists a number m such that

Fm'(x0(t)) # Fm,(a^). The theorem states, that if for any m the joint distribu-

tions of the random variables Fx(^n{t)),..., Fm(|n(r)) converge weakly to the

joint distribution of the random variables F^Çt)), ... , Fm(%(f)), then for any

bounded continuous functional F(x) we have

lim EF(£H(fi) = EF(%(t)),
n-*<*>

where E denotes, as usual, the mathematical expectation. The proof is based on the

fact that the closure of the algebra, generated by the functionals Fm(x), is the Ban-

ach algebra of bounded continuous functionals, which defines the compactification

ofX(x)

The compactifications for some spaces of functions are studied in §6.

In conclusion, I want to express my gratitude to Professor H. Furstenberg

for his invaluable assistance.

1.   Functionals of integral forms and a method of compactification. Con-

tinuity of functionals on X is considered with respect to the metric (0.1). In the

introduction we have already considered functionals of integral form. The func-

tionals of integral form are obviously continuous and bounded on X.  If F(x) is

(!) Throughout this paper, an algebra will mean an algebra with identity. "The algebra

A is generated by the set {«jj", will mean, "A is generated by the set {a-J and the identity".
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such a functional, then of course d • F(x) (d-real number) is also a functional of

integral form.  Let two functionals of integral form,

(1.1) F1(x)=f1o--'¡1^x(tx,...,tkl,x(t1),...,x(tkl))dtx —dtkl,

(1.2) F2(x) = fa • • 'fa<P2(tx,..., tk2 ; x(tx ),..., x(tk2))dtx-- dtk2,

be given. Set kx>k2. Then

Fx(x) + F2(x)

(1.3) "J1,"'/!^.i*,i«(^-^*i))

+ <p2(tx,..., tk2;x(tx),... ,x(tk2))] dtx>~ dtkl,

Fx(x) • F2(x)

x ^2(/fci+1, -,rfcl+fc2;^1+1),... ,*(í*1+fc2))]

Thus the sum and the product of two functionals of integral form are also func-

tionals of integral form. Hence we get an algebra over the field of real numbers.

The uniform closure of this algebra is a certain Banach algebra of bounded con-

tinuous functionals, which we denote by G(X).

Let us review some facts of general topology. Let X be a completely regular

topological space. The compact set K will be said to be a compactification of X if

there exists a homeomorphism from X to a dense subset in K. Let C(K) be the

Banach algebra of all bounded continuous functions K.  Obviously CXK) is a Ban-

ach algebra of bounded continuous functions on X. We say that C(K) determines

the compactification of X.

Tychonoff's Theorem (see [9, VII, §43]). The Banach algebra A(X)

of bounded continuous functions on a completely regular topological space X

determines a compactification of this space if and only if for any point x0EX

and any closed set YCX,x0$ Y, there exists a function f E A(X) such that

f(x0) = 0and f(x) = 1 for all xEY.

Since X is metric it is completely regular.

Theorem 1.1.   771e algebra G(X) determines a compactification ofX which

will be a metric space.

Proof.  Let xQ E X. Consider the functional
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F0(x) = j1Q[x0(t)-x(t)]2dt.

Let xn(t) be a sequence of continuous functions belonging to X such that xn{t)

converges almost everywhere to x0(t). It is evident that the functionals

are functionals of integral form. The functionals Fn{x) converge uniformly to the

functional F0(x) and so F0(x) G G{X). If F is a closed set in X and x0 £ Y,

then p(x0, Y) = a > 0. The functional

F0(x) = a-2min(a2,F0(x))

belongs to G{X); F'0(x0) = 0; F'0(x) = 1 if x G Y.

Thus, by virtue of Tychonoff s Theorem, G(X) determines a compactifica-

tion of X, which we denote by gX.  Since G{X) is separable, it follows from

Urysohn's theorem (see [4, p. 388]) that gX is a compact metric space. The

countable dense set in G(X) is given, for example, by all the functionals of the

form (0.2), where (p(t1,... ,tk;x1,... ,xk) is a polynomial with rational coef-

ficients.   Q.ED.

Any continuous function on gX restricted to X is a functional in G{X).

Conversely, any functional in G(X) has a unique continuous extension to gX.

Hence we can speak about the value of a functional from G(X) in any point of gX.

Any point in gX determines a maximal ideal in G(X), i.e. the set of all function-

als from G(X) which vanish at this point. For any maximal ideal in G(X) there

exists a point in gX which determines this ideal. Any point jc in gX determines

a linear multiplicative continuous functional / on G(X), whose value on the func-

tional 1 is equal to 1, i.e. f(F) = F(x) for any F G G(X). Any linear multiplica-

tive continuous functional on G(X), its value on the functional 1 being equal to 1, is

determined by some point ingX.

Now we pass to the main construction of the present paper. Let Z be the

unit square (0 < t < 1, 0 < z < 1). Let M be the set of all finite countably ad-

ditive measures ii defined on the Borel sets of the unit square Z such that n(Z)

= 1. As usual we shall say that the sequence of measures px,..., ju„,... be-

longing to M converges weakly to the measure p. EM if for any function/(/, z)

continuous on Z we have

(1.5) JBm ff(t, z) dpn = ff(t, z) dp..

The convergence (1.5) makes M a compact metric space.

Let jc G X.  Consider the following measure ux EM.   If A is a Borel set in

Z, then

ßx(4) = fl*^*' *W) dt'
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where Xa (r> z)is a characteristic function of the set A, i.e. %a (t, z) = 1 if (t, z) E A,

and Xa(1' z) ~ 0 for (r, z) £ A.  The closure in M of the set of all measures px

is a compact metric space, which we denote by M*. It can be easily checked that

the mapping x —► ¡ix is a homeomorphism of the space X onto a dense subset of

M*. Thus M* is a compactification of X.

We assert that the compactifications of gX and M* are equivalent, i.e. there

exists a homeomorphism of gX onto M* such that to every function xEX CgX

there corresponds the measure px.

Consider on X the functionals of the integral form

(1.6) Fn<m(x) = ^tnxm(t)dt

(n = 0, 1, 2.m = 0, 1, 2,...). Functionals (1.6) are the generating elements

of an algebra of functionals, its uniform closure being G(X), since this algebra

contains all the functionals of integral form (0.2) such that the function

0(rx,... ,tk;xx,...,xk) is a polynomial. It can be easily seen that

Hence the functional Fn m(x) can be continuously extended to the compact set

M* if we set

Fn?m(ix*) = itnzmdß*

for all p* Gilí*. Consider two distinct measures /i*, /x* C M*. There exists a

functional of the form (1.6) such that

Fn,m<A) = Stnzm *? *.f'"Zm dÚ = Fn,m(P*2)-

According to the Stone theorem (see [8]) a Banach algebra C'(K) of continuous

functions cm the compact set K is the Banach algebra C(K) of all continuous

functions on K if for any two distinct points kx, k2 C K there exists a function

/G C'(K) such that f(kx) ^f(k2). In view of the previous arguments and Stone's

theorem, it follows that the algebra of all bounded continuous functionals on X

which can be continuously extended on M* is G(X). Now according to the

Gel'fand-Kolmogoroff theorem(2) (see [5]) it follows that the compactifications

gX and M* are equivalent.

Let us investigate the compact set Ai*. For any x EX and any 0 < a, <

a2 < 1 we have

px{(t,z):tE[ax,a2]} =a2-aj.

( ) Gel'fand-Kolmogoroffs theorem asserts only the existence of the homeomorphism

between gX and Af *, but the method of the proof implies that in this homeomorphism the

space X is "fixed".
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Hence for any p.* EM* we have

(1.7) p*{{t,z):tE[ax,a2]}=a2-ax.

Conversely, if p* EM and p* satisfies (1.7) for any interval [a^ , a2] C [0,1 ], then

there exists a sequence of measures px   converging weakly to p* and thus p* E M*.

To see this, let us fix the natural number n and divide the square Z into n2 sets

Z,;- (1 < i < n, 1 </ < «), where

Zf. = {(f,z):LZl<f<Í./zI<2<Íl
v     l n n    n n)

if z =£ n and / ¥= n, and if for example i = n, then Zn¡ = {(t, z): (n - 1)/« < t

< 1; (/ - l)/n <z <//«}. Let M*(Z//) = co„. According to the definition

2"_jW,y = 1/«.  Let us subdivide interval (/ - 1)/« < r < //« into intervals

(i-l)/«<f<(i-l)/n + wa;

(/ - 1)/« + o;,! < f < (/ - 1)/« + cofl + co,2;

• • •

; _ i       n -1 ;

Let the function xn(t) equal (fc - 1)1 n on the interval

^i+Z «*<*<V+£«v

Let us define *„(/) in the same way on all the intervals [(i - 1)/« < t < i/n] and

by means of that determine it on the whole interval [0,1]. The sequence of func-

tions xn(t) satisfies the required condition.

Let \p(t, x) be a Lebesgue measurable function (0<f<l,0<x<l,0<

\p(t, x) < 1). To every \¡/(t, x) there corresponds a measure p^ on the unit square

Z defined by

(1.8) fy W) = J"0 £ X¿ (r, W*. *)) * <**•

where ̂ 4 is any Borel set and Xa (r» z) *s a characteristic function of the set A. It can

be easily checked that (1.7) holds for p^ for all [ax, aj C [0, 1] and thus

Let ti* be any measure from M*. Let us fix a number z0, 0 < z0 < 1. On

Borel setsß of the interval [0, 1] we define the countably additive measure

"*oby
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V2Q(B) = H*{(t,z):tEB,z<z0}.

Since ju* satisfies (1.7), juz   is absolutely continuous with respect to Lebesgue

measure, and according to the Radon-Nikodym theorem a density PZa(f) exists

for the measure u,„ such that"0

»*oW=IBP*oUdt

We can assume that the functions Pz(t) are defined except on sets of measure 0

and that Pz (r) < PzJf) for any zx < z2 and for all t, where both Pz (r) and

Pz (t) are defined. Obviously Px(t) = 1. Let us now define the function

(1.9) Ht, x) = inf [z:Pz(t) = x].

If i//(r, x) is not defined in (t, x) by (1.9), then we set \p(t, x) = infx<x.\p(t, x'),

where in (t, x') the function \p is defined by (1.9).

The measure ju~ is defined by (1.8), since 0(r, x) is defined on the unit

square and 0 < \f/(t, x) < 1. According to the definition we have

/i~[(i, z): í < i0, z < z0] = JVZ0(i) dt = p*[(t, z):t<t0,z<z0).

Hence the measures ju~ and ju* are equal.

Note that two measures ¡i^   and /i^   are equal if and only if the joint

distributions of the pair of functions (t, 0, (f, x)) and (t, 02(r, x)) are equal.

Denote by ty the set of all Lebesgue measurable functions 0(r, x) defined

on the unit square (0 < t < 1, 0 < x < 1) and such that 0 < 0(r, x) < 1. The

function 0, is said to be equivalent to 02 if the joint distributions of the pairs

(r, 0,(r, jc)) and (t, 02(r, x)) are equal. We say that \pk converges to 0 if ju^,

converges weakly to ju^. That means that 0fc converges to 0, if for any n =

0,1, 2,... and m= 1, 2,... we have

¿H"« Jo#"*?<'• X) * d* = Jo /o íB*m(í' X) * ^

We proved that * is a compact set homeomorphic to M* and thus to gX.

Let us denote the image of 0 by the homeomorphism ̂  on gX by a^. Con-

sider the functional (1.6) Fn m(x). It is easy to see that

*•„>*) = Fn.m(^) = flfc"*"1 (í' X) * *■
Hence for the functional of integral form (0.2) we have

FXa[¡/)=FQil¡l)

- fa • • • /¡0Ci' — ' fc Wi- *i)' ••• • Ktk,xk))dt1 -"dtkdxx" -dxk.

Thus we have the following basic result.
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Theorem 1.2. Every point in gX can be written as a^,ty G *. For any

\p E<¡? there exists a^ EgX.  The points a-   and a^   coincide if and only if the

joint distributions of the pairs (t, $x(t, x)) and (t, \p2(t, x)) are equal.  The func-

tional of integral form

F(x) = fo • -.JJtf/,,..., tk;x(r,),...,x(tk)) dtx • • • dtk

has in a^ the value

F^=^o'''^t^--^tk'^tvXl),---,Ktk,xk))dtl'-'dtkdxl'''dxk.

Thus we have compactified the space X of functions of one variable by the space

ty of functions of two variables.

2.   Theory of integration. The generalization of integration from the

probabilistic point of view was developed by N. Wiener. His integration theory

of the functionals, defined on random processes, is the mfinite-dimensional gen-

eralization of Lebesgue integration theory, i.e. it defines the integration with re-

spect to a countably additive measure, defined on an infinite-dimensional space,

i.e. on a space of functions. Another approach to integration in functional spaces

was proposed by R. Gâteaux in 1913-1914 (see [1]) and P. Levy in 1918-1919

(both of them belonged to Hadamard's school) and is less known. The Gâteaux-

Levy integration theory was described in [2]. The integral is defined for func-

tionals on mfinite-dimensional space. The basic idea is as follows: first the average

value of the functional on the «-dimensional unit ball (sphere) is evaluated and then

the integral is defined as the limit of this average value for « —><*>.

Further we consider only the functionals continuous in metric (0.1) of the

space X.  Our definition of integral being analogous to that of Gâteaux-Levy, we

call our integral the Gâteaux-Levy integral.(3)

Definition 2.1. Gâteaux-Levy integral. Consider the points 0,1/«, 2/n,

..., (n - 1)/«, 1 on the interval [0, 1], where n is a positive integer and consider

the set Kn of the functions from the space X constant on the intervals

[(/'- 1)1 n, ifn]  (i = 1, ..., n). Every functionx(f) GKn is determined by a

sequence of n numbers (xx,... ,x„);x, being the value of x(t) on [(i-l)/n, i/n].

The setKn can be considered as the «-dimensional unit cube, each point of it being

a function. Let F(x) be a continuous functional on X. This functional, considered

on Kn, is a continuous function of n variables F^n\xx,...,xn) defined on the

unit cube. Let

W*) =/Í • * 'f0 F(n)(xi ,---,xn)dXl->dxn.

(3)  The definition of Gâteaux-Levy integral in exactly the same form as ours was

studied by different mathematicians.
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If there exists a finite ]imn_¥00,TnF(x) = TF(x), then the functional F(x) is said to

be integrable, and the number TF(x) is called its integral.

The Gâteaux-Levy integral has the following properties:

1. If the functionals Fx(x) and F2(x) are integrable, then for any real

numbers dx and d2 the functional dx • Fx(x) + d2 • F2(x) is also integrable, its

integral being equal to dx • TFx(x) + d2 • TF2(x).

2. If the functional F(x) is integrable and, for all functions xEX, F(x)

> 0, then TF(x) > 0.

3. Let F(x) be a functional and let there exist two integrable functionals

F[£\x) and F2e\x) for any e > 0 such that Fx£\x) < F(x) < F2e\x) and

T[F2€\x) - FifXx)] < e. Then the functional F(x) is integrable.

4. Gâteaux formula.(4) The functional of integral form

(2.1) Fix) - fa • • • fa <Ktx,...,tk; x(tx ),..., x(tk)) £?/,••• dtk

is integrable, its integral being equal to

(2.2) TF=fa--'fa<Ktx,...,tk;xx,...,xk)dtx '"dtkdxx >-'dxk.

Let 0(r, jc) G ty, i.e. 0(f, x) be a Lebesgue measurable function on the unit

square (0< r < 1, 0 <x < 1) such that 0 < 0(r, x) < 1.

Definition 2.2. Concept of the ^/-integral.  Let \p$n\x) be a measurable

function on [0, 1] such that its distribution function with respect to the Lebesgue

measure on the interval is identical to the distribution function with respect to

the Lebesgue measure on the unit square of the function ip(t • n - i + 1, x)

((/ - l)fn < t < i/n, 0 < x < 1). Let F(x) be a continuous functional on the

space X.   Let

^^¡•••/¡^Ä).^M*! '-'dxn,

where F^"\xx, . . . , xn) is as in Definition 2.1. If there exists a finite

timn-+«>Tty'*F(x) = T^F(x), then the functional is said to be 0-integrable and

the number T^F(x) is called its 0-integral.

Note. The choice of functions 0J*'.0^"^ is obviously not unique,

but this does not affect the definition of T^Ffr).

Properties of the ^-integral.

l'. If the functionals Fx(x) and F2(x) are ^-integrable, then for any real

numbers dx and d2 the functional dx • Fx(x) + d2 • F2(x) is 0-integrable, its

( )   Formula (2.2) was obtained by Gâteaux (see [2J) in a slightly different form, since

both the functional and the integral were considered not on the space X, but on the ball (sphere)

in the infinite-dimensional space. A Gateaux formula in exactly the same form as ours was

studied by different mathematicians.
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^-integral being equal to dt • T^F^x) + d2 • T^F2(x).

2'. If the functional F(x) is ^-integrable and for all x G X, F(x) > 0, then

T„,F(x)>0.

3'. Let F(x) be a functional and let there exist two l/V-integrable functionals

F^\x) and F2e)(x) for any e > 0 such that

F<e>(x) < F(x) < F<e>(x)   and   T0 [F2e>(x) - F<e>(x)] < e.

Then the functional F(x) is ^-integrable.

4'. The functional F(x) of integral form (2.1) is \p-integrable and

(23) T^F=^q ~-flo<i>(tx,...,tk,Wt1'xi)>->Wk,xk))dt1 —dtkdXl — dxk.

Evidently the notion of the ^-integral is the generalization of the notion of the

Gâteaux-Levy integral. For \¡/(í, x) = x the ^-integral is the Gâteaux-Levy integral.

Properties 1', 2', 3' are obvious; property 4' can be checked directly. If the joint

distributions of the pairs of functions t, $x($, x) and t, ty2(t, x) are equal, then a

^-integrable functional F(x) is also ^-integrable and T^ ,F(x) = T^, F(x).

Let us remember that the equalities (1.1)-(1.4) and Theorem 1.1 imply

the fact that the algebra of functionals of integral form have uniform closure

G(X) and that G(X) determines a metric compactification gX of X.  By virtue

of Theorem 1.2 and properties of the (//-integral, for any F(x) G G(X) and for any

\p E * we have T^F{x) = F{a^). For the same reason any linear multiplicative

functional continuous on G(X) with its value on the functional 1 being equal to

1 is a ^-integral.

Note that we can obtain the principal properties of the ^-integral from 1',

2', 3', 4'.  For example, multiplicativity holds for the functionals of integral form

and thus for all functionals of G(X). In fact, the equalities (1.1), (1.2), (1.4) and

property 4' imply

VF!(x)-F2(x)]

=J0— J"0*i('i.tk^Mvxx),...Mtkl,xki))

' h(fk, +1 ' - ' *kx + k2' Wjfcj+l' *fc,+l)>- ' Wkx+k2' Äkj+fc2))

dh-"dtkl+k2dxl"-dxk1+k2

= JÔ "" /o*l(íl' - ' f*i; WVX¡), - ' W*,'**!^'1 '"dtkl **» "*<2**1

= T^F^x) • T+F2(x).
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Consider the Gâteaux-Levy integral. Since the Gâteaux-Levy integral is the \p-

integral for 0(r, x) = x, the Gâteaux-Levy integral of a functional F(x) E G(X)

is TF(x) = F(ax). From the first section of the present paper it follows that a^,

and in particular ax, belong to gX\X if \pE ty\X. Thus the Gâteaux-Levy integral

on G(X) generates a measure on gX concentrated at the point ax G gX\X, and

hence the Gâteaux-Levy integral does not generate a countable additive measure on
x.(s)

Let U(ax) be an open neighbourhood of ax in gX and U'' = XC\U. Accord-

ing to Definition 2.1 of the Gateaux-Levy integral we have \\mn^.00pn(lf n Kn) = 1,

where Kn is the set from Definition 2.1 which can be identified with the «-dimen-

sional unit cube, and jun is the Lebesgue measure on this cube. Now we describe in

our own terms the following phenomenon, first investigated by Borel (see [3])

and then by Gâteaux, Levy (see [2] ) and other mathematicians: for any functional

F(x) of integral form (2.1) and any e > 0 there exists an open set V' C X such

that

lim pn(Kn HV')=1

and for any point x' G V we have \F(x') - TF(x)\ < e.  The proof is very

simple. Consider F(x) on gX.  The open set VCgX consists of those points

xEgX for which \F(ax) - F(x)\ <e. The set V = V n X satisfies all the condi-

tions because F(ax) = TF(x).

Let us define the set L(X) to be the set of all bounded continuous func-

tionals F(x) such that for any e > 0 there exist Gx(x), G2(x) C G(X) such that

Gx(x) < F(x) < G2(x) and T[G2(x) - Gx(x)] < e. According to property 3 of

the Gâteaux-Levy integral the functional F(x) is integrable.

Let ßX be the Cech compactification of X.  It is a maximal compactifica-

tion of X and every bounded continuous functional on X can be continuously

extended on X.  Consider the natural mapping of ßX on gX. We denote the pre-

image of the point ax by Ax. If F(x) G L(X), then F(x) is constant on Ax, its

value on Ax being the value of TF(x). On the other hand any functional F(x)

constant and equal to d on Ax belongs to L(X). In fact, for e > 0 let U' be

the open set of all x' E ßX such that \F(x') -d\<e. Let 0' = ßX - U' and let

<p be the image of 0' in the natural mapping of ßX on gX. If we set U = gX\<¡>,

then axEU.  There are functionals Gx(x), G2(x) C G(X) such that

G.(aJ = d-e,     G.(jc) = min\d-e,   min   Fíx'u = F„
x'GßX J *

if x E (p and

( ) The fact that the Gâteaux-Levy integral does not generate a countably additive

measure also follows from the ideas described in [2].
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F* < Gj (x) < d - e;   G2(ax) = d + e,   G2(x) = max d + e, max F(x)  = F*,
L     x ̂ p-*      J

if x G (p and

F* > G2(x) >d + e.

Obviously G^x) < F(x) < G2(x) and T[G2(x) - G^x)] = 2e. By definition

F(x)EL(X).

Let ß be a closed set in ßX with the property that every bounded continu-

ous functional constant on ß is integrable, its Gâteaux-Levy integral being equal

to its value on B.  For example, a closed set B D Ax is such a set. It can be

easily proved that for any set UD B, U open in ßX, we have

lim pn(KnnU)=l.
n-*°°

On the other hand, if for a closed set ß C ßX we have Umn^.a>pn(Kn n(/) = l

for every open set UD B, then any functional constant on ß is integrable, its

Gâteaux-Levy integral being equal to its value on B.  If each of a finite number

of closed sets ßx,..., Bn has the same property as the set B, then the set

D ¿Liß,- ̂  0 and it has the same property. Thus if {ßa} is the family of all

closed sets, having the property of the set B, then the set f] aBa = Bx ¥= 0 and

the set Bx has the property of the set B.  It is clear that integrability or noninte-

grability of a functional depends only on its behavior in a neighborhood of the

setßx.

Definition 2.3. A bounded continuous functional constant on Bx is said

to be a functional constant.

The set of all functional constants is denoted by LX(X). This definition is

reasonable, since for any bounded continuous and integrable functional F(x) and

for any functional L(x) G LX(X) the functional F(x) • Z,(x) is integrable and

T[F{x) • L(x)] = TF{x) • TL(x). A bounded continuous functional L(x) be-

longs to LX{X) if and only if [T£(x)]2 = TL2(x), assuming that both TL(x)

and TL2(x) exist.

The set Ax is a G6 set, i.e. there exists in ßX a system of open sets Ux D

U2 D ' ' - Un D • • • such that fl"=1C/„ = Ax. This follows from the fact that

Ax is a pre-image of a point in the natural mapping of ßX on the compact metric

space gX.

Theorem 2.1. 77te set Bx is not a Gs set.

Proof. In Definition 2.1 we considered the sets Kn of functions constant

on the intervals [0, 1/n], [1/«, 2/«],..., [(« - 1)/«, 1]. Each function in Kn

is determined by n numbers xx, x2, ... , xn, the values of this function on the
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respective intervals. Every function in AT„ is a point of the «-dimensional unit

cube and vice versa. Consider the set in the «-dimensional unit cube (« > 2)

K - ft*l' •" »X«): 1*1 ~*2> + 1*3-*4l+ ••• + 1*22-2 "^-ll^O1-1)*,?},

if « is an odd number and

x'n = {(xx,...,xny.\xx-x2\+\x3-x4\+~'+K-i-xn\>*n-Pï>

if n is even; p is fixed and 0 < p < 1/3. The set X'x = Kx. According to the

law of large numbers ]imn^.„pn(X'n) = 1, where pn is the Lebesgue measure of the

«-dimensional unit cube, since /¿/¿|xf ~x¡+x\ dx¡ dxl+x = 1/3. The sets

X,, ..., X'n,... are closed in X and also closed in X are the sets \J^XX'„,

where nx,...,n¡,... is any sequence of positive integers. There exist closed sets

Xn C X'n such that limll_>00ju#l(Xll) = 1 and X^Xj for / =£/. Suppose that there

exists in ßX a sequence of open sets

UxDU2D'~UmD-->   and    H Um=Bx.
222 = 1

Let us take a decreasing sequence of numbers ex > e2 > • • • > em > • • • such

that em —► 0. For e, there exists a positive integer nx such that for all « > «j

we have ßn(Xn n Ux) > 1 - ex. For e2 there exists a positive integer n2>nx

such that for all « > «2 we have ju„(X„ n U2) >\-e2. Similarly there exist

numbers «3 < n4 < • • • < «m < • • •. Consider the sets

U^=XnWx; c/("' + 1) =x„i + x n UX; ...i^-^.nï.î

^2) = ̂ 2ní/2; c/("2+1) -x^V/n "2;... ;^"0 = X,,., n u2,

• • •
rÁnm>-y       n r/   . r/("'n+ * > = V riff   •       • //"m+1 _1> _ y n /y

Set £/<*> - X,, £/<2> = Z2,..., i/("i_1) = X„j_!. If {*„} is a sequence of

functions such that for any «, xn G f/"), then the closure of the set {*„} in ßX

is a closed set X0 and Z0\{xn} C Bx. Every function *„ G Z„ and so p„ =

p(xn, \J¡¥=nX¡) > 0. Let V„ be the pj,-neighborhood of the function xn. For

numbers p'n the following conditions hold:

(a) 0<P;<p„/4,

(b) lim^„p„(K„ n Kn) = 0.^

There exists a continuous functional ¿0(x) for which

(1) 0<ro(x)<l,
(2) h(xn) = °for every »>

(3) r0<» = 1, if x g xxu^i»;.
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The functionals L0(x) and L\(x) are integrable and TL0(x) = TZ.0(x) = 1. So

for x0 G Bx, ¿0(x0) = 1. And also for every point x0 G Z0\{x„} C Bx, L0(x0)

= 0. The contradiction received proves the theorem.   Q.E.D.

It is obvious that Bx EAX. Theorem 2.1 implies that Bx + Ax. Denote

the pre-image of the point ay under natural mapping of ßX onto gX by Ay. The

Banach algebra Ly(X) of ^-functional constants is the set of all bounded contin-

uous functionals F(x) such that [T^FQc)]2 = T^F2(x), assuming that both

TyF(x) and TyF2(x) exist. If F(x) G Ly(X) and F(x) is a bounded continuous

^-integrable functional, then Ty [F(x) • F(x)] = T^F(x) • TyF(x). There exists

a closed set By C Ay such that F(x) G Ly(X) if and only if F(x) is constant on

By. Existence or nonexistence of the ^-integral depends only on the behaviour

of the functional in a neighbourhood of the set By. The set Ay is a Gs set. If

# G ty\X then By is not a Gs set and thus By^Ay. If ^(r, *) = x0(t) G JT,

then T^F(x) = F(x0(i)) and ¿^ = ß^, = x0(f). By virtue of Theorem 1.2, ßX

is the union of sets Ay.

Example 2.1. The functional Q(x) = /0x(f)x(r + t) dt, where r is a

fixed number, 0 < r < 1.   The sum t + t is considered modulo 1. For ty G*

one evaluates immediately

T* ÔW = íl SI Jo *(í' *W + T' ̂ dí <** dy>

Q2(x) = J^^(r1)x(r2)x(r1 + t)x(í2 + r) A, *2.

Also directly we get

T„ßaCO = fJlflfJlil H'v *ÙKtv x2)Hh + r, yiMt2 + r. y2) * i *a <**i <**2 *i *a

=[/o/o Jo *ft x)*{i + T' ̂  di d* *]* = [T*ÖW1*

Thus for any \p E ty the functional ß(x) G ¿^ (X), i.e. it is constant on By. Let

a sequence of functions xk(t) converge in gX to a point ay. That means that for

any n = 0,1, 2,... and m = 1, 2,... we have

lim jVx^f) dt = f* J"* tn<pm(t, x) ¿i dx.

For any i// G ^\X one can easily get a sequence x^i) converging in gX to ay

such that the limit limk_>00g(xfc(>)) does not exist.   That means that, in spite

of the fact that Q(x) is constant on By for any ty E *, the functional ß(x) is

not constant on Ay for any ty E V\X.

The investigation of ^-integral by means of compactifications gives some non-

trivial properties of the functionals of the space X. Let F(x) be a bounded contin-

uous functional and let
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F<»WxnXxx),...,W(xn))

be the functions introduced in Definition 2.2. Let

15  \l'" Í ¡.^"WW. • ••. *£°C*,,)) dxx~-dxn = T+F(x),

M il * * • íi^"WW, • ••. ̂ M *ft • • • Ar, - T„Fi».

If T^ F(jc) = T^ F(x), then by virtue of Definition 2.2, F(x) is 0-integrable.

Theorem 2.2. If F(x) is a bounded continuous functional 0 G *, a«<2 d

/s a /ucccf number such that T^ F(x) >d>JJ¡l F(x), then there exist:

(1) A sequence of functions {\pk} C ty converging to 0, Le. for any n =

0,1, 2,... and m= 1,2,... we have

(2) TWo sequences of functionals of integral form GXX,G2X,... , GkX,...,

Gx2, G22,..., Gk2,... such that for all k, GkX(x) < F(x) < Gk2(x) and

One can arrange that {\¡/k} C ¥\X

Proof. (1) The set A^ is connected. Consider the system of functions

defined on [0, 1]:

• • •

• •   •

where <p       is equal to 1 on the interval [Qc - l)/2", k/2n] and vanishes outside

this interval. Obviously, the functionals of the form

(2.4) F(x) = fa<pk2n(t)xm(t)dt,

where m is any positive integer, generate an algebra, its uniform closure being

G(X). That means that for any point a^ EgX and for any neighbourhood U(a^)

in gX, there exists a finite set of functionals of the form (2.4), Fx(x),..., Fq(x),

and a finite set of positive numbers ex,... ,eq such that the set

V= {x: \Fx(x)-Fx(a^\<ex,...,\Fqix)-Fq(a^)\<eq}

is open in gX, contains the point a^ and V C U(a^). Suppose that the set A^

is not connected. Then there exist in jlftwo open sets Ux and 772, Ux U U2 DA^,
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LTiC\lJ2=0, where Vv V2 are closures of Ux and U2 in ßX.  Lst Ut n X =

Vx and U2 C\X = V2. Since Ay is the pre-image of the point a y under the

natural mapping of ßX onto gX, then there exists in gX a neighborhood U(ay) of

a^, such that U(ay) (~)XCVXW2. According to previous arguments there ex-

ists in X an open set

such that both Fj and F2 contain points of V and K C Vx U K2. Hence the

set V is disconnected. Note that the indices nt,..., n   of the functions

tPk   2n\ t • • • > Vk  2"íj in the definition of the set V are, generally speaking, dis-

tinct. One can easily make them equal. For any two functions xx(t), x2(t) C V

there exists a continuous mapping it of the interval [0, 1] into V such that 7r(0)

= Xjif), 7r(l) = x2(r). This contradiction proves that the set Ay is connected.

(2) SetM=maxx<EAF(x),M=minxSAF(x). It can be easily proved

that M > TyF(x) > TyF(x) > M. The set Ay being connected, there exists a

point x0 G Ay such that F(x0) = d.  Consider the sets Ux, U2,..., Uk,... in

X, where

^={x(r):|Fix(r))-zi|<l/*}.

Let Fj D V2 D • • • D Fft D • • • be a sequence of open sets in gX such that

nji°=i Vk = ay. Consider the open sets in X:

w1 = u1nv1,...,wk = uknvk,....

These sets are nonempty by construction.

Let Wk be open sets in gX such that Wk C\ X = Wk and W'k C Vk.

Let us select a point ay   in each of them. Obviously we can select them so that

ay   EgX\X.  The sequence of functions tyk converges to ty. Set

max F(x) + \= M^k\        min F(x) - 4 = Mr*v

We can construct two sequences of functionals in G(X)

(2.5) G'n,G'21,...,G'kl,...,

(2-6) Gj2, G22, ...,G'k2,...,

so that for all k we have

G'kl(x)<F(x)<G'k2(x),   TykG'kl=Mw,   TyGk2=M«\
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However limfc_í.00AÍ(fc) = lim^^M^ = d.

Note now that any functional in G(x) can be uniformly approximated by

the functionals of integral form, and thus sequences (2.5) and (2.6) can be re-

placed by similar sequences of functionals of integral form satisfying the asser-

tion of the theorem.   Q.E.D.

The fact that A^ is a connected set is very interesting, since B^ is discon-

nected for any 0 G *\X

3. Integrable and nonintegrable functionals. In the proof of Theorem 2.1

we introduced the sets Xn C X.  The sets U/LiX2i_, and \J~=xX2t are closed

and [U~i*2/-i] n lU-i*«] = <*•
Example 3.1. A bounded continuous functional K(x) which is not Gâteaux-

Levy integrable. Let K(x) be equal to 1 on U/= 1-^21-1 ̂  vanish on \J°?=xX2i.

Obviously this functional is not integrable.

Example 3.2. A bounded continuous Gâteaux-Levy integrable functional

S(x) such that S2(x) is not Gâteaux-Levy integrable.  As we know Xn can be

considered as a subset of the «-dimensional unit cube and limM_>00p„(X„) = 1,

where p„ is the Lebesgue measure on the «-dimensional unit cube. If« is an odd

number, we take a function f(xx,... ,xn) = xx, where (xx,...,xn) are coor-

dinates of the point in the «-dimensional unit cube. We denote this function on

X„CXbyfn. If n is an even number, we take the function g(xx., xn) =

3jtj/2 on the «-dimensional unit cube. This function on Xn we denote by gn. Let

us take a bounded continuous functional on X equal to /„ on Xn for odd « and

gn on Xn for even «.  By virtue of Definition 2.1 of the Gâteaux-Levy integral

this functional is integrable and TS(x) = 54, whilst the functional S2(x) is not

integrable.

In Definition 1.1 of the Gâteaux-Levy integral we considered the «-dim-

ensional unit cube Kn and the function F^n\xx.xn) induced by the func-

tional F(x) on Kn. Let m functionals Fx(x),... ,Fm(x) be given; to each of

these functionals corresponds a function on Kn :

(3.1) F[n\xx ,...,x„),..., F£>(x,,... , x„).

Denote by f^ the joint distribution of functions (3.1) with respect to Lebesgue

measure on the «-dimensional unit cube.

Let A(X) be a Banach algebra of bounded continuous functionals. Each

functional belonging to A(X) is integrable if and only if there exists a family of

functionals {Fa} C A(X) generating an algebra whose uniform closure is A(X)

and such that for any finite number of functionals Fx,... ,Fm C {Fa} their

joint distributions/^ converge weakly for « —*■ °°.

Let Fmax(X) be a maximal algebra of bounded continuous Gâteaux-Levy
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integrable functionals, i.e. an algebra such that there is no algebra A(X) D

Fmax(X) {A(X)\Fm!ix(X) +0) consisting only of bounded continuous Gâteaux-

Levy integrable functionals. Evidently Fmax(X) D LX(X), the space of all func-

tionals constants (Definition 2.3).

Theorem 3.1.  The intersection of all maximal algebras of bounded con-

tinuous Gâteaux-Levy integrable functionals is LX(X).

Proof.  Denote the intersection of all Fmax(X) by LmaK(X). Let F(x) G

Lmax(X) and suppose that F(x) £ LX(X). Denote by /(n) the distribution of

the function F^n\xx ,...,xn) induced by F(x) on Kn. For n —* <»,/(") converges

weakly to a distribution function J*°\  There exists a Lebesgue measurable

function ip defined on [0, 1] such that its distribution function with respect to

Lebesgue measure on [0, 1] is equal to f(°h Since F(x) ^ LX(X), y is not con-

stant on a set of measure 1 in the interval [0,1] .We can find continuous functions

F^\xx,..., x„) on Kn such that maxIF^I < max|F(',)| and if g{n) is the distribu-

tion function of FJ¡,n), theng(n) —>/(0) and

Jo * * ' fo1*"**!. • ••>*«)• Fin)<*v ■ ■ ■ .*«.>**i *••*»-♦ OHx))2.

Let us take a bounded continuous functional F* equal to F^\xx,... ,xn) on Xn

for all even values of« and equal to F^n\xx.x„) on Xn for all odd « (the sets

Xn are the same as in Theorem 2.1). Obviously the distributions of functions in-

duced by F*(x) on Kn converge weakly to/^ for n —► °°. Thus there exists a

maximal algebra of bounded continuous Gâteaux-Levy integrable functionals con-

taining F*(x). On the other hand, this algebra does not contain F(x), since the

functional F(x) • F*(x) is not integrable. We have arrived at a contradiction which

proves the theorem.    Q.E.D.

Up to now we have considered only Gâteaux-Levy integrability. A similar

study can be made for the ty -integral.

Example 3.3. A bounded continuous functional Í2(x), which is not ty-

integrable for any ty E ty\X.

Construction.   Take the sets K    C X (see Definition 2.1) and a sequence

of numbers lA > pl > p2 > • • • > pq > • • • ,pq —► 0. Consider the sets in K   :

^n,q = T-v^i.x2n)'- |Xj — X2| + |X3 — X4|

+ ~' + \x2n_1-x2„\>2n-1 >pq}.

For any pair of positive integers nx + n2 we have p{Xni q,Xn2>q)>pq/2. Let Unq

be an enq -neighborhood of Xn q in X, where the numbers enq are selected so

that Uniq n U„2q = 0 if nx + «2 and lim„^.00e„(? = 0. Consider now for

every odd « a continuous functional Í2n   G G{X) equal to 2-<7 on Xnq, vanishing
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on X\Unq and such that 0 < Sl„,q(x) < 2_<?. Set

«,(*)« f ß2„.lÄ(x).
»2=1

Evidently 0 < Slq (x) < 2"«. Set

«(*) = ¿ «,(*).

Let 0 G <i?\X.  Let us take a number p    such that

It can be easily proved that the functional Œ   (*) is not 0-integrable. In fact, if

S2   (xj,... , x   ) are the functions induced by Í2    on the cubes K n, then

¡ülP. -f. v*'.,2"~"<*.>.*<£-"".'><*,*,-.»«». •••*,».. - *-*■.

jsa JÎ • • • /. V^'w.♦£*>»*. - *>. - »
(here we use Definition 2.2 of 0-integral).

The functional 'Lq>q Q.q(x) vanishes on the sets Xnq   for even « and

hence the functional ̂ q=   Slq(x) is not 0-integrable. There exists only a finite

number of sets Un,q,, where «' is an odd number and q' <q0, which have a

nonempty intersection with the sets ^n,qn' wnere " is an even number. Accord-

ing to construction, S^L"1Clq(x) = Sl^\x) + Í2(2)(x), where fi(1)(x) is the sum

of functionals Í2„.   ,(x) and therefore Í2(1)(x) G G(X). Consequently Í2(1)(x) is

0-integrable. The functional Sl®\x) vanishes on Xnq   for any even « and

&2\x) > 0. Thus the functional Í2(x) is not 0-integrable.

4. Compactifications of the space X.

Theorem 4.1. A Banach algebra of bounded continuous functionals A(X)

determines a compactification ofX, if and only if for any function x0(t) and for

any 0(r, jc) G ty, x0(t) i=- 0(r, jc), there exists a functional F(x) E AÇC) and a

functional F\x) of integral form such that F\x) < F(x) and F(x0(t)) < T^F'ipc).

Proof. Necessity.  Let F'(x) be a functional of integral form such that

T^F'(x) - F'(x0) = d>0. Consider the following open set in AT:  U = {x(t):

\F'(x) - F'(x0)\ < d/2}. The functional F(x) G A(X); F(x0) = F'(x0) + d/2;

F(y) = sup F'(x) if y E X\U; F(xQ) < F(x) < sup F'(x). Obviously F'(x) <

F(x) and

F(x0) = F'(xQ) + d/2 < T^ F'(x) = F'(x0) + d.



214 L. §. GRINBLAT

Sufficiency.   From the Tychonoff theorem it is sufficient to prove that for

any function x0(r) and for any closed set Y C X (x0(r) ^ Y) there exists a

functional F0(x) G A(X) and a number e > 0 so that F0(x0(f)) < F0(x) - e if

x G Y.  Let [y] be the closure of Y in gX.  For every point a y G [Y] there

exists a functional F^fx) G^4(Z) and a functional integral form F'(x) so that

F'(x) < F^(x) and 0 = Fy(x0(t)) < Ty F'(x) = F\ay). There exists a neighbor-

hood U'(ay) of the point ay in &Y and a number e^ > 0 so that, if x' G U'(ay),

then 0 = F„, (x0(r)) < Fix') - e*. Let Uy = X n U'(ay ). If xEUy, then 0 =

F^, (x0(?)) < F y (x) - e^. As the set [Y] is compact, a finite number of points

Oyx,...,ay   exist, so that [Y] C Uf=i U'ifl^)- It can be easily seen that

Y C Uf=i Uy. and so for every point x G Y we have

0 = rnax'F^ÍXoíí)),... , F^(x0(f))}

< maxfF^ (x),..., F^(x)} - minfc^.e^).

For F0(x) we can take the functional max{F^ (x),..., F y (x)} and e =

min(el/,1,...,e^jt).   Q.ED.

Let F„(x) be a sequence of bounded continuous functionals. We say that

Fn(x) determines a compactification of X if the uniform closure of the algebra,

generated by the elements Fn(x), is an algebra of bounded continuous functionals

determining a compactification of X.  The following theorem is the corollary of

Theorem 4.1.

Theorem 4.2. A sequence Fn(x) of bounded continuous functionals of

integral form determines a compactification of the space X if and only if for any

function xQ(t) and any ty(t, x) E *, x0(i) + ty(t, x), there exists a number n

such that F„(xo(0) * TyFn(x).

Let tpk(t) be a basis of the space ¿2(0, 1). Let a > 0 be fixed, a ¥* 1. A

direct application of the Tychonoff theorem yields the result that the sequence

of functionals of integral form

F0(x) = Hxa(t)dt, F,(x) = fl^WxitUt, . . .,Fk(x) = f1o<pk(tMt)dt,...

determines a compactification of the space X.  Let us prove it with the help of

Theorem 4.2. Let x0(f) G X, ty(t, x) E *, x0(t) ^ ty(t, x). There are two

possibilities:

(1) There exists n such that

FJWm = J"0*„(0*oto dt * SUl^Mt. x)dtdx = TyFJx).

(2) x0(i) = /' ty(t, x) dx.  Then if a < 1,
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F0(x0(t)) = faxa0(t) dt > fa fat" (t, x) dt dx = Tj,F0(x);

ifa>l,

Fo(xo(0) = fax°(t) dt <fafao r(t, x) dt dx = T^F0(x).

The assertions of Theorem 4.2 hold.

5. Limit theorems for functionals on measurable random processes.

Theorem 5.1. Let X be a separable metric space such that:

1. There are probability measures Px,... ,Pn,... and the probability

measure P defined on Borel sets X.
O

2. There exists a Banach algebra A(X) of bounded continuous functions on
O O O

X, which determines a compactification aX of the space X and such that for any

F(x) E A(X) we have

(5.1) ¡¡mjF(x)dPn=¡F(x)dP.

Then equality (5.1) holds for every bounded continuous function on the
O

space X, that is, the sequence of probabilities Pn converges weakly to the prob-

ability P.

Proof.  Since the space X is separable, there exists a separable Banach al-
■     O O O

gebra A (X) C A(X), which determines a metric compactification of X. For

simplicity, we consider the algebra A(X) to be separable and a% to be compact

metric. Let us extend in a natural way the probabilitiesPx, ... ,Pn,... and P

onto aX and denote them on aX by p,,..., pn and p. If F is an open set in

aX, then

px(V) = Px(vn x).p„(K) = Pn(v nx),...,p(V) = P(v n x).

By hypothesis for any continuous function F on a$ we have ]imn^.o0fFdpn =

S F dp, that is, measures p„ converge weakly to the measure p and that is why

(5-2) lim pJV) = p(V)
n-+°°

for any open set V in aX such that p(V) = p([K]), where [V] is the closure of

V in aX. Let 77 be an open set in X such that P(U) = P(U), where Ü is the

closure of U in X. There exists an open set V in aX such that U = X n F and

U = X D [V]. Obviously px(V) = PX(U),..., p„(7) = P„(U),... and p(K) =

p([F]) = P(U). From (5.2) it follows that ]imn_>„Pn(U) = P(U). The prob-

ability measures Pn converge weakly to the probability measure P.   Q.EJ).

Let us now remember the definition of a measurable random process pro-

posed by Doob. Let %(t) be a random process defined on [0,1], i.e. there exists a
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probability space Í2 = {co} and to every point t G [0,1] corresponds a random

variable %{t, cj) defined on the space Í2. Consider %{t, w) as a function of two vari-

ables defined on the product [0,1] and the space £2. There exists a measure p de-

fined on this product which is the product of the Lebesgue measure on [0,1 ] and

the probability on the space SI. If the function £(i, w) is a measurable function

with respect to measure p, the random process £(/) is said to be measurable.

Suppose that £(f) is a measurable process, 0 < %(t) < 1, for all r G [0,1 ]. Then

almost all the sample functions of this process are Lebesgue measurable with range

between 0 and 1. Note that, in general, there may exist two different sample

functions of the process %{t) which are equal on a set of measure 1 in the interval

[0, 1]. It is important that any continuous functional F(x) on X can be consid-

ered as a random variable F(%(t, co)) on S2.

Definition 5.1. The sequence of random processes |„(r) converges to the

random process %(t) (0 < t < 1) if for any positive integer k and for any sequence

«, of positive integers there exists a subsequence «,. and a set Ak of Lebesgue

measure 1 in the fc-dimensional unit cube (0 < tl < 1,..., 0 < tk < 1) such

that for any fixed point (tx,... ,tk)E Ak the joint distributions Ay of the ran-

dom variables ̂ n¡.(tx), %n.{t2), ..., %n..(tk) converge weakly to the joint distribu-

tion of the random variables %(tx), %{t2),..., %(tk).

Theorem 5.2. Let %n(i) be a sequence of measurable random processes and

%(t) be also a measurable random process (0 < / < 1, 0 < £„(/) < 1 for all n and

t, 0 < 2f(r) < 1). 77ie following assertions are equivalent:

A. The sequence £n(r) converges to £(/).

B. For any continuous and bounded functional F(x)

(5.3) jtoLEF&V» = EF(X(t)).

C. There exists a sequence of functionals of the integral form Fm(x) such

that:

(a) for any x0(f) G X and any ty(t, x) G *, where x0(r) ¥= ty(t, x)

there exists a number m such that Fm-(x0(r)) i=- Ty Fm.(x);

(b) for any m the joint distributions A„ of the random variables

Fx($n(f)),..., Fm(|w(r)) converge weakly to the joint distribution of the random

variables FX(W)).-F*,(£('))•

Proof.   We shall prove that A =» B =» C => B => A.

1. A=>B. Set

FM = Jo " * £ ^ * * *- ' *"''X(íl)' ' * " X^ dt*"n dt*

functional of the integral form. Obviously
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lim £-F(?„(0) = Um E¡fa • •• fa«fx.tk, %H{tx).|„(rfe)) dt, • • • dtk]

= Jo *# * Jo[m*' " ' '*; *>>»••• • l(i*))] *» ' * ' **

= ̂ l/o " ' Jo *'» ' • • • ' '*; S(ii}.*('fc)) *» " ' dtk] = *W>>-

Since G(X) determines the compactification of X, it follows, by virtue of Theo-

rem 5.1, that (5.3) is valid for any bounded continuous functional on X.

2. B =* C is evident.

3. C =» B. This follows from Theorems 4.2 and 5.1.

4. B=*A.

Let K be a set of measurable functions defined on the ^-dimensional unit

cube (0 < ?! < 1,... , 0 < tk < 1). lfx(tx,..., tk) EK, then 0 <

x(tx,... ,tk)<l. The set K is closed with respect to the metric

(5.4) p(xx,x2)= fa • " fa[xx(tx,..., tk)-x2(tx,... ,tk)\dtx —dtk.

From the Fre'chet-Kolmogoroff theorem (see [10, X, 1]) it follows that the set

K is compact in metric (5.4) if and only if for any e > 0 there exists S > 0 such

that for any sample of nonnegative numbers tx.rk (5 > max1<f<JtTf) and

for any function x(tx,... ,tk)EK

í\"'í\\x^-'h)-x{tx+rx,...,tk+Tk)\dtx-"dtk<e,

where the addition t¡ + rt is considered modulo 1.

Consider the probabilities Px,... ,Pn,... and P of the processes %x(i), ...,

%n(t),... and %(t) on X.  If B holds, then for any e > 0 there exists a compact

LEX such that Pn(L) > 1 - e for all « (see [6, IX, 1] ). Thus by virtue of the

Fréchet-Kolmogoroff theorem for the functions of one variable we get

(5.5) lim      Efa\%n(t)-%n{t + T)\dt = 0,
n-»—;t-*0     JO"

where the addition t + t is considered modulo 1. Consider a sequence n¡ and

the sequence of measurable functions on the fc-dimensional unit cube:

px,..., pfc-sample of nonnegative numbers. Since
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P0~>S10\fi{t1,...,tk)-fi{t1+T1,...,tk + Tk)\dtx-dtk

<r.-iiow^)x,"x£îfr*)

-¿Jííi+r!) x ». x^fc + rfc)l}^ •••**,

it follows, by virtue of (5.5) and the Fre'chet-Kolmogoroff theorem, that the

closure of the sequence fi(t1, ... ,tk)is compact. Thus there exists a subse-

quence ij and a measurable function f(tx,... ,tk) such that f¡.(tx,... ,tk) con-

verges almost everywhere to /(ij,..., tk). In fact, we have f(tx,... ,tk) =

Ff'(fj) x • • • x %k(tk) on a set of measure 1 in the fc-dimensional cube. Sup-

pose this is not true.   Then there exists a set D of positive Lebesgue measure

in the /c-dimensional unit cube such that say/(ix, ... ,tk)-E!^l{tx) x • • • x

fk(tk) > e > 0 for all points (tx,..., tk) G D.  Hence

lim E f ••• (C {t,) x ••• x^1 {tk)dtl — dtk

>p(P)'e + EJ--jf\t1) x — xf*(tk)dtx — dtk.

But this inequality contradicts assertion B, since the functional

F(x) = f • • • fxPl(t1) x ... x xPk(tk) dtx"- dtk
D

is obviously bounded and continuous. Therefore A obviously holds.   Q.EJ).

Remark. We say that finite-dimensional distributions of the random pro-

cesses £„(r) converge to the finite-dimensional distributions of the random process

%{i) if for any finite sample of points {tx, ... , tk) the joint distributions A„ of

the random variables ?„(fi), ..., t„(rfc) converge weakly to the joint distribution

of the random variables ftf,), ... , %{tk). If |„(r) and £(f) (0 < t < 1, 0 < £„(0

< 1, 0 < £(f) < 1) are measurable random processes and if the finite-dimensional

distributions of %n{i) converge to the fim^e-dimensional distributions of £(f), then

condition B of Theorem 5.2 holds. If £n(z*) and %{f) (0 < t < 1, 0 < %n{t) < 1,

0 < £(f) < 1) are either continuous random processes or processes with the sample

functions without discontinuities of the second kind, and if their finite-dimen-

sional distributions converge, then (5.3) does not hold, in general, for all bounded

continuous functionals (the functionals are considered on the space of continuous

functions with a uniform metric, if the processes are continuous, and on the space

of functions without discontinuities of the second kind with a Skorokhod metric

(see [6, IX, 5]), if the processes with the sample functions without discontinuities

of the second kind).
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6. Compactifications of spaces of functions. In previous sections we have

considered a compactification method for the space X of all functions x(t) E

L2(0, 1) such that 0 < x(i) < 1. Some modifications of this method enable us

to construct the compactifications for some spaces of functions.

Let K be metric compact with the countably additive nonnegative measure

v defined on the Borel sets such that v(K) = 1. We suppose, for simplicity, that

v(f) = 0 for all t E K.  Let Lp(K) be the space of all i>-measurable functions

x(t) on K such that fK\x(t)\p dv < °°, p > 1. The metric in Lp(K) is given by

p(xi, x2)=(fk\xx(t)-x2(o\p dvy,p.

I. Compactification of the space X[fx, f2]. Let fx(i) and /2(r) be contin-

uous functions on K, fx(t) </2(r). The set X[fx, f2] consists of all functions

x(t) E Lp(K) such that fx(f) < x(f) < f2(t). Let £ • R be the product of K

with the axis R of real numbers. The points on R we denote by z.  The set Z C

K • R consists of the points (t, z) such that/, (f) < z </2(r). Let the set K¡ be iso-

morphic to K and K' = n*_ XK¡. Let the set Z¡ be isomorphic to Z (we denote the

points of Z¡ by (t¡, z¡)). The measure v,- is defined on K¡ and is isomorphic to v on

K. Consider the functionals of integral form

(6.1) F(x) = fK,<Ktx, ... , tk,xitx), ... ,x(tk)) dvx--- dvk

on the space X[fx, f2], where fttx,... ,tk;zx,... ,zk) is the continuous func-

tion on the product of the spaces U*=1Z¡. We integrate with respect to the prod-

uct of measures v¡.

Let ^f[fx, f2] be the set of all functions 0(r, s) defined on the product of

K with the unit interval 0 < s < 1 and measurable with respect to the product

of v and the Lebesgue measure on the unit interval and such that fx(f) < ty(t, s)

<f2it).

Theorem 6.1. The space X[fx, f2] has a compactification M*[fx,f2];

each point ofM*[fx, f2] can be written as p^, 0 G *[/,, f2].  To each 0 G

*[/,,/2] corresponds p^ EM*[fx,f2]. The functionals of integral form (6.1)

/or«j an algebra and the uniform closure of this algebra is the Banach algebra of

all bounded continuous functionals on X[fx, f2] which have continuous exten-

sions on M* [/j, f2 ]. The value of the functional (6.1) at a point p^ is

Fui* ) = fafa • • • £ W,.tk; Wv î,),.... nk> h)) *i "• dvk dsi'-' **•

II. Compactification of the unit sphere in Lp(K). Let 5 be the unit sphere

in Lp(K): x(t) G S if fK \x(t)\p dv = 1. We use the same notations. Let Z0 = K • R
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be the product of K and of the axis R of real numbers. Let M(S) be the set of

all nonnegative countably additive measures p defined on the Borel sets of Z0

such that p(Z0) = 1 and ¡zJz\p dp^l. The sequence of measures pn converges

weakly to the measure p, if for any bounded continuous function f(t, z), defined

onZ0, we have

lim f   f{t, z)dpn =  f   f(t, z)dp.

This convergence makes M(S) a compact metric space. To each function x(r) G S

corresponds the measure px EM(S). If A is a Borel set of Z0, then

»M= fKXA(t,x(t))dV,   where x^(í,z)=Jq   ££^¿

Obviously fK\x{t)f dv = fK\z\p dpx = 1. The mapping x(t) —*■ px defines a

homeomorphism of the space S onto the space of measures px. The closure in

M(S) of the set of all measures px we denote by M*(S). Obviously M*(S) is a

metric compactification of S.  Let p* E M(S). The measure p* E M*(S) if and

only if for any Borel set ß C K p*{B') = v(B) (ß' = {(t, z): t E ß}).

Let ty(S) be the set of functions ty(t, s) defined on the product of K and

the unit interval 0 < s < 1 and measurable with respect to the product of the

measure v and of the Lebesgue measure on the unit interval and

Lil \^(f.s)}fd»di<l,

i.e., *(S) is the unit ball in the space L (K x [0, 1]). Consider the measure

Jtfy onZ0:

M^) = /ri"¡fcfr *ft *)) dp ds,

where A is a Borel set in Z0. The measure py E M*(S). On the other hand, if

p* E M*(S), then there exists ty G *(5) such that p*=Py. The method of the

proof is the same as in the first section: for each real number z there is the

measure pz> on K. If ß is a Borel set in K, then juz-(ß) = p*{(t, z): tEB,

z < z'}. Consider the functionals of integral form

(6.2) Fix) = J^Kf,.tk\x(ix),...,x(tk))dvx~- dvk,

where 0(ij,... ,tk;zx,... ,zk)isa. bounded continuous function on njL,z£\

Z^ isomorphic to Z0, K' = flk=1K¡, etc.

Theorem 6.2. The space S has a metric compactification M*(S). Each

point ofM*(S) can be written as py,ty E *(5). To each ty E ty(S) corresponds
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a point p^ G M*(S). The functionals of integral form (6.2) form the algebra

and the uniform closure of this algebra is the Banach álgebra of all bounded

continuous functionals on S continuously extendable on M*(S). The value of

functional (6.2) at a point p^ is

F(/^) = fK,fa ' ' -fam.tk; #(*,, s,).Ktk. **))*k ' •* dvk dsx-~ dsk.

Remark. The foregoing compactification principle cannot be applied to

the case of the unit ball V in Lp(K), i.e. to the set of functions x(t) such that

fK\x(t)\p dv < 1, since the mapping x(t) —» p^ is not a homeomorphism.

III. Compactification of the unit ball V C Lp(K). The space Z0 is a metric

locally compact space. There exists a one-point compactification qZ0, where qZ0

= Z0 U {oo} (p. s. Alexandroff, see [7,1,9, 8]).

Let M(qZ0) be the set of all nonnegative countably additive measures p

defined on the Borel sets of qZ0 such that p(qZ0) < 1. The sequence of mea-

sures p„ converges weakly to the measure p, if for any continuous function f(w)

on qZQ we have

ÏÏlJ^o/(w)^=J,z0^>^

This convergence makes M(qZQ) compact metric.

To each x(t) E V corresponds the measure p!x E M(qZ0) defined by

(6-3) p'xiA)=fKxAit,x(t))dv,

where A is a Borel set in Z0, x¿(r, z) = |z|p if (f, z) G A, and XaÍ*' z) = 0 if

it, z) ^ A.  Obviously p'xi°°) = 0. The mapping jc(r) —* p!x defines a homeomor-

phism of V onto the space of measures p!x. The closure in M(qZ0) of the set of

all measures p!x we denote by M(V). Evidently M(V) is a metric compactification

of V.
Let p EMiV). Denote by p0 the measure induced by p on Z0. There

exists a function ^(r, s) G *(5) such that

(6.4) poiA) = fK Jl xAit, Ht, s)) du ds,

where A is a Borel set in ZQ. Indeed consider the sequence of functions {xkit)}

C V such that the sequence of measures p'    defined by (6.3) converges weakly

to p. Let px  be a sequence of measures in M*iS) determined for the functions

xkif) E ty(S) as above. The sequence p    converges weakly to the measure

p^ G M*iS). The function 0 satisfies (6.4) for all Borel sets A C Z0. On the

other hand, for any function \p(t, s) G ^(S) and for any nonnegative number a

such that

(6.5) fa fa 10C, s)f dvds + a<l
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there exists a measure p: G M(V) such that the measure pQ induced by /T on Z0

is given by (6.4) and p(°°) = <*• Consider the functional

(6-6) F(x) =^/(r, x(t)Mt)f du,

where /(i, z) is a bounded continuous function on Z0, which has a continuous

extension on qZ0. The functional (6.6) is continuously extendable on M(V) and

(6-7) F(p) = /     f(w) dp =jK$\f{t, ty(J, s))\ty(t, s)f dvds + a> /(«>).

Theorem 6.3. The space V has a metric compactification M(V). Each

point ofM(V) is determined by the pair (ty, a), where ty E ^(S) and a is a non-

negative number, so that (6.5) holds.  To each pair (ty, a) satisfying inequality

(6.5) there corresponds a point p E M(V). The functionals F(x) of form (6.6)

generate the algebra, its uniform closure being the Banach algebra of all bounded

continuous functionals on V which have continuous extension on M(V). The

value ofF(p) is given by (6.7).

Remark. Let S be the unit sphere in Lp(K). The closure of 5 in M(V) is

the set M(S) of those points "p for which the corresponding pairs (ty, a) satisfy

the equality fKfl \ty(t, s)\p dv ds + a = 1. The set M(S) is the compactification

of S. It is easy to see that the compactifications M*(S) and M(S) are equivalent.

IV. Compactification of the unit ball in Lp(K). Let K be a metric locally

compact space with the nonnegative countably-additive measure h defined on the

Borel subsets. If Q C K and Q is compact, then we assume that h(Q) < °°. For

all t E k we suppose h(f) = 0. Consider the unit ball V of the space Lp(K), i.e.,

x(t) G Vif fg\x(t)f dh<l. By analogy to the foregoing set Z0 = Ñ • R, where

R is the axis of real numbers. It is clear that Z0 is a metric locally compact

space. Consider the metric compactification qZ0 of the space Z0 such that the

set qZ0\Z0 consists of only one point which we denote by °°. Consider the

space of functions ^(V). The function ty(t, s), where t E K and 0 < s < 1, be-

longs to V(V) if ty(t, s) is measurable with respect to the product of the measure

« and the Lebesgue measure on the unit interval and if f^fl\ty(t, s)f dhds^l.

Consider on V the functionals

(6.8) Fix) = f&f(t, x(t))\x(t)f dh,

where f(t, z) is a bounded continuous function on Z0 which has a continuous

extension on qZ0.

Theorem 6.4. The space V has metric compactification M(V). Each

point p EM(V) is determined by the pair (ty, a), where ty E V(V), a > 0 andf

/¿/o \ty(S, s)\p dhds + a<,l. The function x(t) E Vis given by the pair (x(t), 0).
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For each pair (0, a), where 0 G *(F), a>0and /¿/ol0(i, s)\p dh ds + a < 1

there exists the corresponding point p EM(V).  The functionals F(x) of form

(6.8) generate the algebra, its uniform closure being the Banach algebra of all

bounded continuous functionals on V continuously extendable on M(V) and

F(p) = ¡kfafit, Ut, s))W. s)lp dh ds + a • /(eo).
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